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Introduction 



This paper is a continuation of our previous paper |RT]. In [RT|, among other things, we build up 
the mathematical foundation of quantum cohomology ring on semi-positive symplectic manifolds. 
We also defined higher genus symplectic invariants without gravity (topological sigma model) in 
terms of inhomogeneous holomorphic maps from a fixed Riemann surface, and proved the composi- 
tion law they satisfy. Topological gravity, proposed by Witten, concerns the intersection theory of 
the moduli space of marked Riemann surfaces. Based on the physical intuition, Witten suggested a 
relation between those intersection numbers and the KdV hierarchy. This relation was clarified by 
Kontsevich (cf. [Kc[| ). However, the mathematical, as well as physical, phenomenon will become 
much more interesting if the topological sigma model is coupled with the topological gravity. In 



fact, in | W2 | Witten proposed an approach to the topological sigma model coupled with gravity, 
and made a very important conjecture on the basic feature of this new model. The purpose of this 
paper is to establish a mathematical foundation for the theory of topological sigma model coupled 
with topological gravity over any semi-positive symplectic manifolds. This new theory also provides 
many more new geometric examples of the topological field theory coupled with gravity. For each 
semi-positive symplectic manifold V, we can associate a topological sigma model with gravity, or 
simply a topological field theory coupled with gravity. This theory begins with the GW-invariants 

'^lA,g,k) ■■ H4Mg,k, Q) X H,{V, ^ Q, 
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for any A G H2{V, Z) and 2^ + A; > 3. Here M.g,k is the Deligne-Mumford compactification of the 
moduli space of genus g Riemann surfaces with k marked points. The GW-invariants are multihnear 
and supersymmetric on H^,{V, Z)*^. 

At first, we will rigorously define the GW-invariant on semi-positive symplectic manifolds 
(cf. section 2). 

From the analytic point of view, it is the most convenient to use the inhomogeneous holomorphic 
maps from Riemann surfaces in Mg,k, though other equivalent formulations may be possible, such 
as using stable maps and establishing a more sophisticated intersection theory. An inhomogeneous 
holomorphic map is a solution of an inhomogeneous Cauchy-Riemann equation (cf. Section 2). 

Putting aside technical details for the time being, we can intuitively define the GW-invariants 
(cf. Section 2 for details) as follows: let V be any symplectic manifold and A G H2{V, Z). For any 
homology classes [K] G H^..{Mg^k, Q) and G H^..{V, Z), represented by cycles K, Ai, respectively, 
we define ^ ^-^([i^]; ai, • • • , a^) to be the number of tuples (S; xi, • • • , x^; /) with appropriate 
sign, satisfying: S G -fC, / : E V solves a given inhomogeneous Cauchy-Riemann equation, and 
f{xi) G Ai, whenever 

Y,cod{Ai) +cod{K) = 2ci{V) (A) + 2{3 - n){g - 1) + 2k; (1.1) 

We simply put ^ f^^{[K];ai, • • • , a^) to be zero if (1.1) is not satisfied. 

This approach towards defining new invariants has been used before in many cases (cf. [Do], 
[Gr], [R], [R3], [RT], [Wl]). For symplectic 4-manifolds, using unperturbed holomorphic maps, the 
first author already defined the invariant ^ in the very important case that k = and [K] = Mgfi. 
However, in each case, there are specified difficulties to be overcome. Using the techniques we 
developed in [RT], we will first prove 

Theorem A (Theorem 2.14.) If V is a semi-positive symplectic manifold, the GW-invariant 
^(A g k) ^^''^ ^^^^ defined for any g,k > with 2g -\- k > 3. Moreover, this depends only the 
symplectic structure ofV. 

A symplectic manifold V is semi-positive if it is compact and there is no J-holomorphic map 
f : V such that 3 — n < Jg2 f*ci{V) < 0, where J is any given compatible almost complex 

structure on V. In particular, any algebraic manifold of dimension < 3 is semi-positive in this 
sense, also any algebraic manifold V with ci{V) > is semi-positive. 

One new consequence of our theorem, which was not obvious at all to physicists based on 
mathematically unjustified path integrals, is that the invariant is a symplectic invariant. The 
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path integral starts from a Lagrangian. The Lagrangian for sigma model or sigma model coupled 
with gravity is valid for any almost complex manifolds (symplectic or not). There was a speculation 
that its correlation functions will be the invariants of homotopy class of almost complex structures. 
This is in fact false. Our invariants are symplectic invariants rather than the invariants of almost 
complex structures. In particular, they can distinguish different symplectic manifolds with the 
same homotopy class of almost complex structures (see section 5 or pH). 

One of fundamental properties of a topological field theory is the axiom on the decomposition of 
correlation functions. In our case, the GW-invariants serve as the correlation functions. Therefore, 
in order to make them more useful, or at least to construct a correct model for the topological field 
theory, we need to verify that our invariants satisfy the composition law. 

The composition law governs how the GW-invariants change during the degeneration of stable 
curves. Its classical cousin in enumerative algebraic geometry is the degeneration method, which 
was only derived in very special cases. The classical degeneration method never became a general 
theory as neat as the composition law describes. One reason might be that the classical counting 
of holomorphic curves, particularly of higher genus, does not obey the composition laws predicted 
by physicists, even for the projective plane P^. Namely the way of counting was not good. In [RT], 
we found the correct counting in terms of inhomogeneous holomorphic maps and established the 
composition law at least for the mixed invariants, corresponding to the cr-models without gravity. 
Based on the same techniques developed in [RT], we are also able to prove the composition law for 
all GW-invariants. 

Assume g = gi + §2 and k = ki + k2 with 2gi + ki > 3. Fix a decomposition 5 = 5"! U «S'2 of 
{1, • • • , /c} with \Si\ = ki. Then there is a canonical embedding 9s : Mgi,ki+i x ■^92,fe2+i -^s.fc) 
which assigns to marked curves (Sj; • • • , x^^^-^) (i = 1,2), their union Si U S2 with 
identified to xj.^^-^ and remaining points renumbered by {1, • • • , k} according to S. 

There is another natural map fi : ^ ■^g,k by gluing together the last two marked 

points. 

Choose a homogeneous basis {l3h\i<b<L of H^,{V, Z) modulo torsion. Let {riah) be its intersection 
matrix. Note that r]ab = /5a ■ /3b = if the dimensions of (3a and (db are not complementary to each 
other. Put (r/'*'') to be the inverse of {rjab)- Now we can state the composition law, which consists 
of two formulas. 

Theorem B. (Theorem 2.10) Let [Ki] G H^{Mg^^k,+i, Q) {i = 1, 2) and [Kq] G H^(Mg_i^k+2, Q)- 
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For any cki , • • • , in (V, Z) . Then we have 

A=Ai+A2 a,b 

(1-6) ^(^,g,fc)(M*[-f'^o]; ai, ■■■,ak) = J2 *(A,g-i,fe+2)([^o]; "i, • • ■ ,OCk,Pa,Pb)r]'^ 

a,b 

There is a natural map vr : A^^^^ ^ Aig^k-i as follows: For (S, xi, - ■ ■ , Xk) G ■^g,kj if is not 
in any rational component of S which contains only three special points, then we define 

7r(S, xi, • • • , Xfc) = (S, xi, • • • , 

where a distinguished point of S is either a singular point or a marked point. If Xk is in one of 
such rational components, we contract this component and obtain a stable curve (S', xi, • • • , Xk-i) 
in Mg^k-i, and define vr(S,xi, • • • ,Xfc) = • • ■ ,Xk-i). 

Clearly, vr is continuous. One should be aware that there are two exceptional cases (g, k) = 
(0,3), (1, 1) where tt is not well defined. Associated with tt, we have two k-reduction formulas for 

Proposition C (Theorem 2.15). Suppose that {g,k) / (0,3), (1,1). 

(1) For any ai, ■ ■ ■ , afe-i in H^{V, Z), we have 

(3-3) ^lA^g^,){[K];a,,---,ak-i,[V]) = ^lA^g^,_,){[n{K)];ai,- ■ ■ ,ak-i) 

(2) Let ak be in H2n-2{V, Z), then 

(3-4) ^lA,g,k)i[^~\K)];ai,---,ak-i,ak) = a^(^)*;'^_^_fc_i)([i^]; ai, • • • , a^.i) 

where is the Poincare dual of ak- 
in order to formulate the generalized Witten conjecture in terms of our invariants, we need to 
introduce special cycles in Mg^k- Let tt : Ug^k ^ -^gyk be the universal family of stable curves 
of genus g and k marked points. Each marked point gives rise to a section {1 < i < k) of 
this fibration. Following Witten, we let jCi be the pull-back of the relative cotangent sheave of 
TT : Ug^k ■^g,k by ai. Then we put to be the Poincare dual of the cohomology class 

ci{Cif^ U ci{C2)'^^ • • • U ciiCkY''. We call these Wd,,...,d^: Witten cycles. 
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For convenience, as Witten did, we use 



to denote the GW-invariants '^(A.g.k){[Wdi,--,d^.]',Cii, ■ ■ ■ ,ak)- Following Witten, we introduce po- 
tential functions 

^.=EEn^f^<n<s'^>'/^ 5=0,1,2,.... 

A a 'r,cx r,a 



where is an element of Novikov ring [ MS | , [RT] ] (section 8) . We further define 



One of fundamental problems on , even to physicists, is to find the complete set of equations 
satisfies. In Section 6, imitating the arguments of Witten in [W2], we will prove (cf. Lemma 
6.1, 6.2) 

Theorem C. F^ satisfies the generalized string equation 

1 a b a dF^ 

(1-7) ^ = ^^a;>*S*o + EE*m^- 

Fg satisfies the dilation equation 

i 1=1 a t 

where xV^) Euler characteristic ofV. 

In general, Witten suggested 

We will regard f/^'-* to be of degree /. By a differential function of degree k we mean a function 
G(f/, U' , U" , . . .) of degree k in that sense. In particular, any function of form G{U) is of degree 
zero, and {U')'^ has degree two. 

Generalized Witten Conjecture: For every g > 0, there are differential functions 
,l3iUa, Ua, Ua", ' • •) of degree 2g such that 
d^F 

^ g — n (TJ TT ' TT " ^ 
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up to terms of genus g. 

This conjecture was affirmed in case V = pthy Kontsevich p<Co| ]. When g = 0, it is a consequence 



of the associativity equation proved in |RT]. But the general case is still open. 

We call g fc)([-^g,fc]) • ■ ■) primitive GW-invariants of genus g. Those invariants correspond 
to the enumerative invariants of counting genus g holomorphic curves passing through generic k 
cycles in enumerative algebraic geometry. 

Corollary E (Proposition 6.5). For genus < 1, the Witten invariants <> can be reduced to 
primitive GW-invariants. 

In general, we conjecture that all the Witten invariants can be derived from primitive GW- 
invariants. 

Our invariant can be also applied to studying topology of symplectic manifolds. As an example, 
we will verify the Stabilizing conjecture of the first author in the case of simply connected elliptic 
surfaces. The conjecture claims: Suppose that X , Y are two simply connected homeomorphic 
symplectic ^-manifolds. Then X, Y are diffeomorphic if and only if X x S"^ , Y x S'^ are deformation 
equivalent as symplectic manifolds. He also verified this conjecture for certain complex surfaces (cf. 
[Rl]). By calculating our invariants for the product of simply connected elliptic surfaces with S^, 
we will prove that 

Theorem F: (Theorem 5.1) The stabilizing conjecture holds for simply connected elliptic surfaces. 

It has been an interesting question in symplectic topology to find how many different defor- 
mation classes of symplectic structures with the same tamed almost complex structures (up to a 



homotopy) could exist on a fixed smooth manifold. In |R1|, for any positive integer n, the first 
author constructed examples admitting at least n-many different deformation classes. Using our 
calculation of GW-invariant, we can produce examples with infinitely many deformation classes of 
symplectic structures. 

Proposition H: (Proposition 5.4) Let X be the blow-up of a simply connected elliptic surface 
at one point. Then, the smooth 6-manifold X x S"^ admits infinitely many deformation classes of 
symplectic structures with the same tamed almost complex structure up to a homotopy. 

This paper is organized as follows. We will define the invariants and state the basic properties 
(including composition law) of our invariants in section 2. The section 3 is a technical section where 
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we will prove the various results about the compactification and transversality. All the results stated 
in section 2 will be proved in section 4. We will discuss the applications to the stabilizing conjecture 
and the Witten conjecture in section 5, 6. 

Some of the results in this paper have been lectured by us in last few years. Also, the main results 
of this paper were announced in the paper [T] of the second author published in the proceeding 
of the first "Current developments in Mathematics", Boston, May, 1995. All the basic techniques 
were developed in [RT]. 

The first author wish to thank S. K. Donaldson who suggested the example of Section 5 to him. 



2 Higher genus symplectic invariants and composition law 

In this section, we construct the higher genus symplectic invariants. Its physical counterparts are 
the correlation functions of topological sigma model coupled with gravity. Some important cases 



of these invariants were first studied for symplectic 4- manifolds in [R3] and also discussed in [RT]. 
The construction here is similar to that of [RT|. 



First of all, let's introduce the inhomogeneous Cauchy-Riemann equation, which plays a central 



role in [RT|. Compared to that of |RT|] , we would like to define the inhomogeneous term varying 
continuously as we vary the complex structures of the Riemann surfaces. This makes the construc- 
tion more complicated. Let (V, u) be a symplectic manifold and J be a tamed almost complex 
structure. Let Mg^k be the moduli space of genus g Riemann surfaces with A;-marked points and 
Mg,k be the Deligne-Mumford compactification. Suppose that 

is the universal curve. Both ^ind Mg^k are projective varieties. Unfortunately, it is well-known 
that hig^k is not a universal family. Namely, if S G Mg^k has a nontrivial automorphism, then 
71^"*^ (S) = T:/Aut{Ti) instead of S. We can not directly define the inhomogeneous term over Ug^k- 
However, this problem can be overcome by constructing some finite covers of Mg^k- 

Definition 2.1: A finite connected cover : Mg j. ■^g,k is a good cover if Mg is a normal 
projective variety with quotient singularity such that there is universal family 

i.e., for each b G -A^^^fc) 7r^^(6) is a stable Riemann surface isomorphic to p^{b). Furthermore, we 
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have following commutative diagram 



Pf^- ^g,k ^ ^g,k 

It is clear that Hg^k ^■^ projective and unique. 

To simplify the notation, we will not distinguish b with p^(b) without any confusion. As we 
mentioned, the problem for Mg^k is that some elements have nontrivial automorphism groups. One 
can resolve this problem by taking finite cover locally. Hence, locally one always has a universal 



family. Mumford proved |Mu] that such local covers can be glued together to form a global finite 
cover. Moreover, it can be explicit constructed via level m-structure. We will not give any detail 
of level m-structure. The idea is to fix a basis of with the coefficient in . Then, there is no 



automorphism of stable Riemann surface preserving the fixed basis. We refer the reader to [Mu| 
for the detail. 

Let p^ : J^g^k ~^ ■^g,k be a good cover. Suppose that 

is a projective embedding. There are two relative tangent bundles over P^ x V with respect 
to hi {i = 1,2) , where hi is the projection from P^ x V to its z-th factor. A section u of 
Hom{h*TP^ , h2TV) is said to be anti-J-linear if for any tangent vector v in TP^, 

(2.1) HJf^v)) = -JHv)) 

where jpjv is the complex structure on P^. Usually, we call such a u an inhomogeneous term. We 
will often drop hi from the notation without any confusion. 

Definition 2.2. Let v he an inhomogeneous term. A {J, u)- perturbed holomorphic map, or simply 
a {J,u)-map, is a smooth map f :Ti satisfying the inhomogeneous Cauchy- Riemann equation 

(2.2) {djf)[x) = u{cl,^{x)J{x)), 

where dj denotes the differential operator d + J ■ d ■ j^,. 

Let Mg^k,K be the subset of Mg^k with automorphism group n. We will use I to denote the trivial 
automorphism group. Since M.g^k,i is smooth, without the loss of generality, we can assume that 
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Mg i^ j is smooth, where Mg ,^ ,^ = Pj^^{Mg,k,K)- Let Ug ^ j be the preimage of Mg f. j. We denote 
by At 5) ^) the moduh space of (J, i')-perturbed holomorphic maps from (E, xi , • • • , Xfe) G 
M-gi^ J into F. There are some important topological properties as follows. 

Let TT : UaIiJ', g, k, J, i/)/ ^ A^a(M) 5; ^) ^^)-f be the universal family of curves, i.e., 

7r-\/,S,{xO) = S. 

We can define the evaluation map 

eA{g, k) : g, k, J, v)i V 

by 

(2.3) eA{g,k){f,i:,{xi},y) = f{y). 
Each marked point Xi defines a section 

ai : MA{l^,g,k,J,v)i ^ UAifi, g, k, J,u)i 

by 

(2.4) ai{{f,^,{xi})) = Xi. 
The composition 

ei = eA{g, k)oai: MAi/J-, g, k, J, v)i V. 

Let 

k 

-tk = n ^^(5' k)oai: MAig, k, J, v)i . 
1=1 

Evidently, we have a map : MAilJ-^g^k^J^u)! — Mgi^j by assigning each ( J, z/)-map to its 
domain. Together, we get a smooth map 

Ta X S^fe : MAif^,g,k,J,iy)i^M>;^k^j X 

In general, MAil-i', 9, k, J, v)i is not compact. However, there is a natural compactification A^^(/i, g, k, J, 1^)1, 
which we call GU-compactification (cf. Section 3). For our purpose, we also need to consider certain 
quotient MAi/J-Tg, k, J, u)i of M.A{lJ',g, k, J, 

Proposition 2.3. Suppose that iV^oj) is a semi-positive symplectic manifold. Then, there is a 
Baire set of second category-TC among all the smooth pairs (J, v) such that for any (J, u) £ H 
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(1) M^ifJ', g,k, Jjv)! is a smooth, oriented manifold of real dimension 

2ci{V){A) + 2(3 - n){g - 1) + 2k; 



(2) T A a-nd extends to continuous maps, still denoted by the same symbols, from A^^(/x, g, k, J, u) 



9. 



to M.^^k ^''^^ ' respectively; 

(3) The boundary Ta x {J^a{i^^ 9^k, J,v)i\M.A{l^-,g^k, J,v)i^ is of real codimension at least 
two. 

We call that [J^v) is generic if Proposition 2.3 is satisfied. 
The proof of this proposition is the main topic of Section 3. 

One can construct natural cohomology classes over M.a{ij-, 9, k, J,v)i by pulling back of the 
cohomology classes of J^gk ^ through Ta x ^fk- Then, our invariants can be defined as the 
paring of the cup products of those natural cohomology classes against the fundamental class of 
■M-Adj-, g, k, J, v)j. The existence of such a fundamental class is a much more difficult problem, which 
will be discussed in [RT1|. Here, we choose to avoid this problem by considering the intersection 



theory as we did in |RT]. 



Let {aj}i<j<fc be integral homology classes of V. Each Ui can be represented by a so called 
pseudo-submanifold {P,f). A pseudo-submanifold is a pair {P,f), where P is a finite simplicial 
complex of dimension di = deg{ai) such that = P — Pd--2 {Pdi-2 — {di — 2) skeleton) is a 
smooth manifold and f : P ^ V is piecewise linear with respect to a triangulation of V and smooth 
over in the usual sense. Any two such pseudo-submanifolds representing the same homology 
class are the boundary of a pseudo-submanifold cobordism in the usual sense. We refer to the 
Section 4 for details. We choose pseudo-submanifolds {Yi,Fi) to represent Oj. Let 

k k 

Y = Y[Yi,F = Y[Fi. 

i=l 1=1 

We define Y^°p = ULi Clearly, {Y,F) represents ULi e Z). 

In general, not every integral homology class of Aig^k can be represented by a pseudo-submanifold. 
However, some of its multiples does. Therefore, the homology classes represented by pseudo- 
submanifolds generate the rational homology H^,{M.g f,, Q)- We say that a pseudo-manifold {G, K) 
is in the general position if K{G^"p) C Aigf^ j has codimension at least two in K{G*°p). Let {G, K) 
be such a pseudo-submanifold in M^^^ j. Suppose 

k 

(2.5) J2^2n - di) + {6g-6 + 2k- deg{G)) = 2ci{V){A) + 2(3 - n){g - 1) + 2k. 

i=l 
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Then, we can choose a small perturbation of Fj, K such that K x F is transverse to x E]„ . as 
the PL-maps with respect to some triangulation of V and as the smooth maps over Y^°p x G*°p. 
By the dimension counting, we can show that 

/o .^ ^"^(^ xF)n Im{TA X Ef^(MA{fi, 9, k, J, u)i - MAin, g, k, J, u)i)) = 0; 

(2.6) 

K X F{Y xG- Y^°P X G*°P) n x S^^^ = 0. 
Let A C (A^g,fc,/ X y'^) x x F'^) be the diagonal. Then, 

(2.7) {Ta X xKx F)-\A) c MA{fi,g, k, J, v)i x y*°f x G^'^ 

is a zero-dimensional smooth submanifold. Following from (2.6), it is compact and hence finite. 
Suppose that 

(2.8) (T^ x^l^xKx F)-\A) = {(/i, si), • • • , (U, Sm)} 

where /j G A^^(^,5, k, J, u)j and Sj represents other factors. For each (/j, Sj), we define a number 
^ifi^Si) = ±1 as follows: We define e{fi,Si) = +1 if the orientation, induced by the Jacobian of 
X X K X F and the orientation of M.a{ij^, g, k, J, v)i x 1"*°^ x at (/j, s^), together with 
the orientation of A matches the orientation of {M'^^i x V'^) x {Mgf^j x V''). Otherwise, we define 
^{fiiSi) = — 1. Now, we define 

m 

'^\A,g,k,^l){K•, ai, • • • , ftfc) = ^ e(/j, Si). 

i=l 

To Justify our notation, we will show 
Proposition 2.4. 

(1) g ^ ti)^-^'i ' ' ' ' independent of J, u, the pseudo-submanifold representatives {Yi, Fi). 

(2) p '^1' ■ ■ ■ ' "'t) independent of semi-positive deformations ofu. 

(3) If {G',K') is another pseudo-submanifold which is in the general position and represents the 
same homology class as that of{G,K), 

Therefore, we can write ^fj^^^ ;,_^^([i^]; ai, • ■■ ,ak) for ^ ;,^^-,(ir; cci, • ■ ■ ,ak), where [K] de- 
notes the homology class represented by the cycle K. 
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We postpone the proof of Proposition 2.4 to Section 4. 

Proposition 2.5. ^ ^ ■ ' ' i ctfc) is independent of the embedding cp^. Hence, (A,g,k,iJ.) 

is a symplectic invariant 

Proof: Suppose that 

0^ : ^ P^' 
is a different projective embedding. Then, 

</>mX^^:Z7^^P^xP^'. 

One can consider the inhomogeneous term P G Homj{T(P^ x P^'),TV) where Homj means 
anti-complex linear liomomorphism. Moreover, one can use (J, to define invariant in the same 
fashion and prove that the invariant is independent of (J, i') using the same proof of Proposition 
2.4. Let u, v be the inhomogeneous term defined through the embedding 0^ and Notes that 

r(p^ X p^) = T(p^) X r(p^'). 

Therefore, we can view both v and i> as the sections of Homj{T(P^ x P^'),TV), where we view 
that u maps the factor T(P^') to zero and i> maps the first factor to zero. Let's denote them by u 

and P. We observe that if is generic, so is ^'(i^). It follows from the definition that we have the 
same invariant ^ using (J, zv) or (J, u). In the same way, we have the same invariant using (J, D) or 
(J, z/). As we mentioned, by repeating the proof of Proposition 2.4, we can show that the invariant 
defined by (J, i/) is the same as the invariant defined by (J, 9). Then, we finish the proof. 

Remark 2.6: We don't have to restrict ourself to projective embedding. In fact, we can embed Ug f. 

into any smooth complex manifold and define the inhomogeneous term in the same fashion. The 
proof of Proposition 2. 5 shows that the resulting invariant is independent of such an embedding. 

For the convenience, we define ^ ^ m)^"^' "^i' ' ' ' ' '-^k) = if (2.5) is not satisfied. 
Let's collect some properties of g k '^^^ following proposition essentially follows from the 
definition. We will omit its proof. 

Proposition 2.7. 

(^) ^Ia,9M = 0' e^i/ier uj{A) < or ci{V){A) + (3 - n)ig - 1) < 0, in particular, *(o,p,fe,M) = 
for any g >2 and n > 4. 
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(2) a fe /i) multilinear and supersymmetry on i?*(V, 7,)^ with respect to the Z2-grading by even 
and odd degrees. 

We have established the symplectic invariant 

for any A G i?2(^, Z) and 2^ + A; > 3. 

Now we discuss other more interesting properties of gk ix) associated with the structures of 

Mg,k- 

As we mentioned in the introduction, there is a natural map 

(2.9) TT : Jdg^k 'Mg,k-l 

by forgetting the last marked point and contracting the unstable rational component. One should 
be aware that there are two exceptional cases {g,k) = (0,3), (1,1) where tt is not well defined. 
Suppose A^g^fc -Mg^k is a good cover constructing through level-m structure. Then, one can 
observe that Al^ ^+1 = ''^*-^g,k is a good cover of Mg^k+i- Let 

TT^ : M'^,k+i M'^,k- 
Then, tT/^ induces a map on the universal families (still denoted by tt^.) 

'^g.fe+l ^g,k 

Let b G A^p,fe+i and be the underline stable Riemann surface. Clearly, 

is precisely tt defined in (2.9). 

Associated with tt, we have two k-reduction formulas for gk ti)- 

Proposition 2.8. Suppose that {g,k) ^ (0,3), (1,1). Furthermore, suppose that Mg^^+i ^'''^d M.g k 
are defined as above. 

(1) For any ai, • • • , ak-\ in -ff*(V, Z), we have 

(2-10) '^\A,g,k,^)m\ai,---,ak-i,[y]) = ^rA,,,fc-i,^)((^M)4^];«ir--,«fc-i) 
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(2) Let afe be in H2n-2{V, Z), then 

(2-11) ^jA,g,k,>.)i[K];ai, ■ ■ ■,ak-i,ak) = aUA)^J^^g^,_,^^)i[in^)-\K)];ai, ■ ■ ■,ak-i) 
where is the Poincare dual of a^. 

Proof: The proof is similar to that of Proposition 2.5. Let 

be projective embedding and Vk, ^k-i be inhomogeneous terms over or P^ respectively. Con- 
sider embedding 

(2.12) <i>l X (</.^-i o vr^) : U^, ^ P^ x P^'. 

As in Remark 2.6, we can define the invariant # using 0^ x {(t>^^ o tt^) and the inhomogeneous 
terms over P^ x P^' in the same fashion. One can show that such an invariant is independent of 
inhomogeneous term. Furthermore, we can view I'k-ii'k-i (denoted by i'kii'k-i) ^ inhomogeneous 
terms over P-^ x P-^' as in the proof of Proposition 2.5. Clearly, using (J, Uk), we have 

(2-13) *;^^,^,,,^)([if];«i,---,a,_i,[F]) = *f^,^,,,^)([K]; ai, • • • , [F]). 

Using (J, we claim that 

(2-14) ^A,g,k,^){[KUi,---,^k-iAy]) = ^\A,g,k-i,^){'^*\K];ai,---,ak-i). 

Suppose that (J, t'fe-i) is generic. We claim that {JjUk-i) satisfies the Proposition 2.2. 

The Proposition 2.3 (1) and (2) are obvious. A remark is required for (3). In the proof of (3) 
in the next section, the idea is to stratify A4^(^, g, k, J, v)i — M.A{^^, 9, k, J, v)i and show that each 
strata is of real codimension at least 2. In the proof, we use the fact that u is generic over each 
component of stable Riemann surface called the principal components. Note that Vk-i is zero over 
the rational components tt^^ contracts. So it is not generic. However, we can simply treat these 
rational components as bubble components (see Definition 3.6), and construct another quotient 
space 

in the same way as we construct TW^. Then, the proof of Proposition 2.3 shows that 
(2.15) jA^l{n,g,k,J,v)i - Ma{i^, 9, k, J,u)i 
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is of real codimension at least 2. 

Once (J, i>k-i) satisfies the Proposition 2.3, we can choose {Yi, Fi), (G, K) to satisfy (2.6), (2.7). 
Then, 

m 

^{A,g,k,f,)iK; ai, • • • , Ofc) = ^ e{fi, Si), 

i=l 

where ifi,Si) is given in (2.7). Suppose that Si = (S,xi, • ■ ■ , x^, yi, • • • ,yk-i,yk)- Then, 
and 

7r(S, xi, • • • , Xfc) = (S, xi, • • • , Xfc_i). 

Clearly, / G A^^(/i, 17, A;, J, ^'fc_i)/ can also be viewed as an element of AdAitJ-, 9, k — l,J,u)j. If 
Yk = V,Fk = Id, let 

Si = (i;,xi, • • ■ ,xk-i,yi, ■ ■ ■ ,yk-i)- 

Clearly 

k-l 

(2.16) (Ta X Eg,k-i X 7r^(ir) x [] F,)-\A) = {(/i, si), • • • , (/™, s^)}. 

Furthermore, it is easy to check that 

e(/i,Si) = e{fi,Si). 

Therefore, 

Here, we use the fact that (G, vr^ o K) represents the homology class (7r^)*[iC]. 
The proof of (2) is similar. 

Next, we discuss the composition law. Roughly speaking, the composition law governs the 
change of ^ under the surgery of Riemann surfaces. Compared to A;-reduction formula, one can 
view the composition law as (7-reduction formula, i.e., the reduction of genus. As we mentioned in 
the introduction, its classical cousin in enumerative algebraic geometry is the degeneration formula, 
which was only derived individually in very special cases. One technical reason is that it is very 
difficult to have a good deformation theory in algebraic geometry. But our ^ is just a symplectic 
invariant. The counterpart of deformation theory in symplectic category can be realized by a gluing 



theorem. It has been established by the authors in |RT] 
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Recall that in the definition of ^(A,g,k,fi)i[^]i Q^i; ' ' ' i c^fc), we require that K does not lie in the 
boundary of -Mg i^. We first remove this technical assumption. 

Proposition 2.9. ai, • • • , ctfc) can be defined when K is in the boundary of A4g f^. 

Namely, K C ImOg or K C Imfl, where 9s, are defined below. Furthermore, ^ [A.g.k,y,){^'j c^i) ' ' ' ■> ^k) 
depends only on the homology class represented by {G,K). Then, we extend • • •) for 

any [K] € i/*(A1^j^,Q) by the linearity. 



The proof follows basically from the gluing theorem in [RT|, Theorem 6.1. The details will 
appear in Section 4. 

Assume g = gi + g2 and k = ki + k2 with 2gi + ki > 3. Fix a decomposition S = Si U S2 of 
{!, - ■ ■ ,k} with \Si\ = ki. Recah that 9s ■ Mg-^^ki+i x -^92,^2+1 ^g,k, which assigns to marked 
curves (Sj; fci+i) {i — 1, 2), their union Si U S2 with x\_^j^-^^ identified to x\ and remaining 

points renumbered by {1, • • • , k} according to 5. Suppose that Al^^ ;j^_,_i, A^g2,fc2+i' -^g.ifc good 
covers over Mg^^ki+i, Mg2,k2+^^ -^g^k such that 

(2-17) 9*sM';^^ = M'g,,k,+i X A^;;2,.2+i- 

Such good covers can be constructed using the level-n structure of Mg^k- We have another natural 
map defined in the introduction fj, : ^Ag^l^k+2 '-^ -^gM by gluing together the last two marked 
points. Let 



(2-18) AC-i,fc+2 = ^*-^9,fc, U ■■ AC-i,fc+2 ^ ^g,k- 

Choose a homogeneous basis {(3b}i<b<L of H^{V, Z) modulo torsion. Let (r?ab) be its intersection 
matrix. Note that r]ab = /3a • = if the dimensions of Pa and (3b are not complementary to each 
other. Put (r/"^) to be the inverse of {r]ab)- Now we can state the composition law, which consists 
of two formulas. 

Theorem 2.10 . Let [Ki] G ^^+1, Q) {i = 1,2) and [Kq] G ;,,_^2' Q)- Suppose that 

,fc2 + l' -i,k+2 (^^^ defined as (2.17), (2.18). For any ai, ■ ■ ■ ,ak in H^{V,Z). 

Then we have 



A=Ai+A2 a,b 

(2.20) ^lA,g,k,,^) in* [i^o] ; ai , • • • , afc) = ^ '^\A,g-i,k+2,^,)i[Ko\ ■,au---,ak,Pa,Pb)r' 

a.b 
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The proof of composition law essentially follows from Proposition 2.9 by some topological ar- 
guments. We postpone it to Section 4. 

So far, we are working on the covers -Mg ]^. To define invariants over Mg^k: we introduce 
following classical notion in algebraic topology to relate homology of Mg^^ to homology of Mg^k- 

Definition 2.11. Suppose that f : M ^ N be a continuous map such that both M and N have 
Poincare duality. Then we define transfer map 

fl : H4M) ^ H^N) 

by f\{a) = PDm ° f* ° PD~n^{oi), where PDm,PDn are Poincare duality maps. Furthermore, 
transfer maps compose functorially. 

For our case, we use Q as coefficients since Poincare duality only holds over rational coefficient. 
If M is a finite cover of A/", it is easy to observe that 

f*f\{a) = \a, 

where A is the order of covers. 

Suppose that \gj^ is the order of cover for p^ : M.g^k ~^ ■^g,k- 

Definition 2.12. For any [K] e H^(Mg^k,Q) and {aj G H^{V,Z), define 

(2.21) M) = -^'^{A,g,kMipM[m M)- 

Lemma 2.13.'^(^A,g,k){[K]'i{<^i}) independent of Mg/^. 
Proof: Consider the fiber product 

Let 

p'-.M^M^^; p-'-.M^M^g^k 

be projections. Then, we can pull back the universal family lA^ j,,lA^ j^ by p^ ,p^ ■ Both are obviously 
the universal family over M. By the uniqueness of universal family, they must be the same. In 
other words, let U be the universal family over M. 

(2.22) . U={p'fUl, = {pyWg^k. 
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Let 

be projective embedding. We have a natural embedding 

(2.23) (P = (j)^X(j)i,> -M xP^'. 

By Remark 2.6, we can use this embedding to define inhomogeneous term and define the analogue 
of Furthermore, we can show that such invariant is independent of the choice of a generic choice 
of inhomogeneous term. Let's denote this invariant as ^(A,g,k)- We claim that 

(2.24) ^^A,gMp'pM[K]), {ai}) = X'^',k^iA,g,k,i.){{pMK]), M) 
and 

(2.25) ^iA,g,k){(p'pM^\)dc^z}) = A^,fe^(A,s,fe,^')((^'M')!([^]),{«i})- 

For any inhomogeneous term u over , we can again view it as an inhomogeneous term over P-^ x 
P-^' and denote it by v'. If (J, i') is generic, so is (J, p). Choose (H, L) to represent (p^p^)i{[K]) and 
together with y satisfying (2.6), (2.7). Then, {H,p^oL) represents p]:((p-'^p^)!([i^])) = i^iPix)\{[K]) 
since the order of cover : M ^ -^s.fe ^g k- straightforward to check that 

(T^ X H^, X F X L)-\A) = {Ta xEf^.xFxp'o L)-\A). 

Furthermore, the orientation matches. Then, 

= K',k^iA,g,k,,)iiPMK]),M) ' 

It is the same argument to show that 

(2.27) *(^,,,fc)((pV)!([i^]), = >^''g,k^iAM){{pMK])^ i^i})- 

On the other hand, p^p^ = p^Pij,'- Therefore, 

(2-28) ^^(^^^^,_^)((p^),([i^]), {a,}) = J^^(^_^_,^^,)((p^,),([i^]), {«.}). 

This finishes the proof. 
Proposition 2.14. 
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(1) ^'1^ g {K, ai, . . . , Ofe) is a symplectic invariant. 

(2) ^'1^ ^ ^^(i^T, ai, . . . , Qife) is independent of semi-positive deformations ofu. 

(3) = 0, if either uj{A) < or Ci{V){A) + {3 - n){g - 1) < 0, in paHicular, ^'(o,s,fe) = 
for any g >2 and n > 4. 

(4) ^^^Agk) = multilinear and supersymmetry on i/*(y,Z)'^ with respect to the 7i2-grading by 
even and odd degrees. 

The proof follows from the Proposition 2.4, 2.7 and the Definition 2.12. 

Proposition 2.15. it Suppose that {g, k) ^ (0, 3), (1, 1). 

(1) For any ai, • • • , a^-i in if*(V, Z), we have 

(2-29) *f^,^,,)(ir;ai,---,afe_i,[F]) = *f^,^,,_i)([7r(if)]; ai, • • • , afe_i) 

(2) Let Ofe be in H2n-2{V, Z), then 

(2.30) ^J^^g^^^i[7r-\K)];au---,ak-i,ak) = aUA)^l^^g^^_,){K;ai,- ■ ■ ,ak-i) 
where is the Poincare dual of a^. 

Proof: Notes that A^g^^+i = Tr*Mg^k. Geometrically, {p^)\{[K]) is represented by By 
the construction of Mg f._^i, 

(2.31) = {p^)-\-K^{K)). 
Hence, 

(2.32) {-kMpMIK]) = {pM-^MIK])- 

Then, (1) follows from Proposition 2.8 and (2.32). 

For (2), [t^~'^{{Pix)\{[K]))] = Tr\X{pi^)i{[K])). By the natality of transfer map, 

(2.33) ip^.)M[K]) = (PM7r),([K]) = {n^pMm = {TrMpMiK])- 
Then, (2) follows from the Proposition 2.8(2) and (2.33). 

Theorem 2.16 (Composition Law). Let [Ki] G H^{Mg^^ki+l^ Q) (^ = 1) 2) and [Kq] G H^,{Mg-i^k+2, 
For any ai, • • • , in H^(V, Z). Then we have 

A=Ai+A2 a,b 
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(2-35) ^^A^g^,^){ij4Ko];ai, • • • , a^) = ^ ^lA,g-i,k+2)i[Ko];ai, ak,(3a,PhW^ 

a,b 



Proof: Let 

(2.36) p^^^, : AT^,, - M,,k, ^^^,.+2 ■ ^^-1.^+2 - Mg^i,k+2- 

By the Proposition 2.10, 



(2.37) 



= A^^rA,.,fe,M)(^^*K,fc)![^i X ^2]; {a.}) 

= 7---3---*rA,.,;^,.)(^^*K.^i+i)!([^i]) X (<,A.+i)!([^2]); {a.}) 

Sl.fcl + l 92. '=2 + 1 if-y a . 

= E Ep-T— ^r^,,gi,fci+i,^)((<,fci+i)![^i];{«0*<fe,/3a) 

A=Ai+A2 a,b 91.K1+J- 

^"'A-T-*rA...,;^.+i,.)(<..^.+i)![^2];A,{a,},>.) 

92. '=2 + 1 

E E*rA,,,..+i)([^i];{«a^<fc>/?a)^'^'^rA2,.2,;^2+i)([^2];/?6,{a,W) 

A=A\+A2 a,b 

It is the same argument for (2). 

Remark 2.17: The mixed invariant ^(A.Lj,g) i^i [R-T] can be identified with certain ^ by choosing 
appropriate cycles [K]. More precisely, for any k,l > with 2g + k > 3, put Xfe^/ to be the closure of 
the cycle K^i in Aig^k+h where K^^ is the set of all (S,xi, • • • ,Xk+i) in A4g^k+i with (i;,a;i, • • • ,Xk) 
being a fixed point in Aig±. Then 

(2-38) '^jA,g,k+l)i^k,i; Oil,--- , 0!k+l) = ^{A,uj,g){oi, " ' ' , a/clofc+l, • • • , a^+i) 

It follows from the Proposition 2.5 that ^(A,uj,g){'^ii ,ak+i) is if dim(Qfc_|_i) > 2n — 2 (cf. 

[RT]). 



Recall that ^' is only defined for so call "generic (J, u) € 7Y". Following from |RT|, we can relax 
this genericity condition as follows: 

Definition 2.18. We call (J,;/) to be A-good if the following two conditions are satisfied. 

(1) . The set {/ G MA{g,k, J,i')i\Coker{Jdf (B Df) ^ 0} is of real codimension 2, where Dj is the 
linearization of the inhomogeneous Cauchy-Riemann equation for [J,v)-maps at f . 

(2) . 'JvCj^{g, k, J, u)j — M-Aig, k, J, v)! is of real codimension 2. 

One can see from the construction that ^ is well defined if (J, v) is vl-good. 
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Remark 2.19 (Relation of ^ to enumerative function): One of main applications of the 
composition law of the genus-0 GW-invariant q ^-j is to compute the enumerative invariants 
of rational curves in complex homogeneous spaces. In |EIT|, Lemma 10.1, the authors proved the 
equivalence of q with the enumerative function of rational curves on complex Grassmannian 
manifolds. More precisely, we showed that for Grassmannian manifolds, the integrable complex 
structure Jo with zero perturbation term satisfies the condition of Proposition 2.3, i.e., (Jo,0) € 7i. 
Therefore, one doesn't need to deform the integrable complex structure or add any perturbation 
terms. The integrable complex structure is already A-good for calculating the invariant "^Y 



Then, by the definition, ^'K, r. , . is an enumerative function. 



- (A,0,fc)- 

- {A,0,k) 

The same has been proved by Jun Li and the second author in [LT] for any complex homogeneous 
manifolds (also see |CF[| for an alternative proof for Flag manifolds). 

In contrast to the genus case, ^]^Agk)(9 — ^) same as the enumerative function 

even for the projective plane P^. For example, a simple computation through the composition law 
will yield the mixed invariant 

*S],i,3)([^3,o]; [L], [L], [L]) = 3, ^f3[i],i,9)([i^i,8]; [L], [pt], • • • , [pt]) = 27, 

where L is a line in P^ and pt is a point. The first number is supposed to represent the number 
of degree 1 elliptic curves with fixed j-invariant mapping three marked points to three distinct 
lines. But it is well-known that there is no degree 1 elliptic curves at all in P^. The second 
number is supposed to represent the number of degree three elliptic curves with fixed j-invariant 
passing through 8 points. It is known in classical algebraic geometry that such a number should 
be 12. What happen was that for the integrable complex structure Jq on P^, the boundary of 
the Gromov- Uhlenbeck compactification M.a{^, k, Jq, 0) — A4a{^, k, Jq, 0)/ has a component whose 
dimension is larger than the dimension of Alyi(l, fc, Jq, 0) itself. Such a component consists of 
the maps from the union of an elliptic curve and a rational curve to P^, which map the elliptic 
curve to a point. The effect of considering the inhomogeneous Cauchy Riemann equation djf = v 
instead of the homogeneous Cauchy Riemann equation is to perturb away all those maps. In the 
process, we creat finitely many (J, z^)-maps, which provides the correct account of the contribution 
of the component described above. Only adding those contributions, our invariants will satisfy the 
composition law, while the classical enumerative invariants do not. In fact, the composition law of 



the mixed invariant we proved in |RI| computes all the mixed invariants of any genus for P^ and 
many other Fano manifolds. It is still a major problem how to use it to compute the enumerative 
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invariants. Recall that to define the mixed invariants, we fix the complex structure on the Riemann 
surfaces. If we allow the complex structure of Riemann surfaces to vary, it is not clear how the 
composition law will even help to compute the enumerative invariants. 



3 Compactification and Transversality 

In this section, we discuss the structures of the moduli space 5, A;, J, i/) and the certain 

quotient of its Gromov-Uhlenbeck compactifications A4'^{fi, g, k, J, u). The problems we will discuss 
here are smoothness, the orientation of A^a(/^) 9-, k, J, v) and the stratification of A4'^{fj,, g, k, J, v). 
By the natural of those questions, this section is rather technical. For the readers who only wish 
to get a sense of big picture, one can skip over this section. On the other hand, if reader wish 
to have a good understanding about the results in this paper, the properties we discuss in this 
section are crucial or the proof of all the results in Section 2, which will be provided in the Section 
4. This section is roughly divided as two parts. In the first part, we prove the smoothness of 
5, fc, J-, v) and construct its canonical orientation. The idea of their proof is quite standard. 
For the smoothness, the basic tool is the Sard-Small Transversality Theorem. We refer the readers 



to [Ml], [RS], [M2] in the case of the Cauchy-Riemann equation. In both |R3| and [lM2(| , the 
argument relies on a cumbersome norm on the space of tamed almost complex structures defined 
by Floer. Because the case (for the inhomogeneous Cauchy-Riemann equation) here didn't appear 
in the literature, we will include an outlined proof. For the orientation, the genus case was also 



due to McDuff [Ml|. But the treatment we follow is that of the first author [Q (see also 4.12 of 
||RT| ), which was in the spirit of Donaldson's treatment of the orientation problem in the gauge 
theory. The second part will be devoted to prove Proposition 2.3, which is similar to Section 3, 4, 



The idea of applying the Sard-Smale Transversality Theorem to the moduli problem was due 
to Freed-Uhlenbeck ^^]. Recall that the Sards-Smale Theorem says that if X,Y are Banach 
manifolds and T' : X is a. Fredholm map of index k, then the set Y^eg of regular values of J- 
is of the Baire second category, provided that T is sufficiently differentiable. Recall that y G y is 
called a regular value, if the derivative DT{x) : TxX TyY is surjective at any x with J-{x) = y. 
It then follows from the Implicit Function Theorem that J-~^{y) is /c-dimensional manifold for every 

y ^ Yreg- 

One obvious problem is that may not be smooth. But it can be stratified by smooth 
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manifolds. Notes that M.g,k has a stratification parameterized by the automorphism group of 
Riemann surfaces. Namely, one can write 

(3.1) Mg,k = Y.'^lk. 

where each smooth strata T^^ consists of the stable Riemann surfaces of a fixed automorphism 
group K. Without the loss of generality, we can assume that 

(3-2) = y: T^:.^ 

where T^;^ = p-\T-^k) is smooth. 

Using the same arguments as in the smooth case, we will establish the transversality theory for 
each stratum T^'j^. It is rather straightforward. The precise structure of T^'^ is not needed. One 
only has to know that each T^'^ is smooth. 

Let AiAifJ-, 9, k, J,^)^ consist of (J, z^)-maps / such that the domain of / has automorphism 
group K. We shall prove that 

Theorem 3.1. There is a set Ti-reg of Baire second category among all the smooth pairs (J, u) such 
that for any (J, u), g, k, J, v)^^ is a smooth manifold of dimension 2ci{V){A) — 2n{g — 1) + 

dimT^;^ 

Fix a smooth topological surface Eg of genus g. Our basic topological object is 

MapAC^g, ^) = {/ • ^ ^ such that / is smooth and = A}. 

To apply the Sard-Smale theorem, we need to put some Sobolev norm on MapA{^g, V), so that it 
has a structure of Banach manifold. 

To specify a Sobolev norm, we choose a smooth family of metrics on Sg, parameterized by the 
elements of T^'^. For example, one can choose a projective embedding 

in section 2 and consider the restriction of Fubini-Study metric on (t>ij.TTj^{j) for each j G T|^'^. 
Then for each j G T^'^, j defines a Sobolev Lj^ ^-norm on MapAC^g, completion under this 

norm is a smooth Banach manifold if pm > 2. We shall also use j to denote the complex structure 
of the underlying Riemann surface. When j varies in T^'j^, 

(3-3) 4Z,,,k)= U L':^AMapAi^g,V)) X {j} 
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is a smooth Banach manifold as well since T'^''^ is smooth. Obviously, there is a map X^^^ g k) ^ 
Tg'^. Let be the completion of H the space of all smooth pairs (J, u) under C'-topology. Then, 
is a smooth Banach manifold. Consider the universal moduli space 

(3.4) M'A{f^,g,k) = {{fJ,J,u) e xCA!K,g,k) X 'H';djf{x) = u{(l>{x), f{x))}. 

When p > 2,1 < m < I, hy the elliptic regularity, A^^(/«, g, k) is independent of m,p. 

Proposition 3.2. For every A G H2{V, Z) and g > 0,1 > 1, the universal moduli space g, k) 

is a smooth Banach manifold. 

Proof: There is an infinite dimensional vector bundle 

where the fiber ^"f j^fy) = H^™~^'^(A^'^r*Sg f*TV). The perturbed holomorphic equation 
defines a section of this bundle by 

(3-6) ^ : xT/:.,,,k) X - ^rAtlky nfJ, J, -)(^) = djfix) - /(x)). 

Notice that the definition of Bj depends on the complex structure j on Eg. Then, it is enough 
to show that !F is transverse to the zero section. Suppose Sj = {'E,xi,X2, ■ ■ ■ ,Xk). Let TT,j = 

-g,k - ^{k,3)^ 



TT, 0{-Xi). Then, TjT^'l = i/J|;^.^(rSj)-space of k invariant (O,l)-forms. Notice that one 



can also identity 

where {.)'^ means the /c-invariant subspace. 
Let J^{f, j, J, v) = 0. We have 

T{j,u)n'- = C\End{TV, J)) e &{H^j{T^^,TV)), 

where End{TV, J) = {Y -.TV ^ TV; Y J + JY = 0}. Furthermore, lTomj{TV^ , TV) is the space 
of anti-complex linear homomorphism with respect to the complex structure. There is a natural 
identification 

(3.8) H^j{TV^,TV)\r, = nfifTV), 

where Tf cT,g xV C P^ x F is the graph of /. 
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Now, we shall show the surjectivity of the differential 

(3.9) 

DJ^ifJ, J, v) ■ VF"».P(AO/*rF) © H[;^.^{T^j) © C\End{TV, J)) © &{H^j{TV^ ,TV)) 

— , VF"»-i,p(A0'1t*S ®j f*TV). 
An easy computation yields 

(3.10) Dr{f,j, J, s,Y,X)=DfC + Jodfos + fY o df o j - X\r,, 
where 

(3.11) Df : W'^'PiA'^fTV) VV^'^'P {A°'^j{f*TV)) 

is the linearization of the Cauchy-Riemann equation at /. 

By the elliptic regularity theory, a (J, z/)-map / is in for any ^ > if (J, f) is in CK It 

follows that Df in (3.11) is well-defined. Moreover, it follows that the cokernel of D/ is contained 
in C\A^'j{f*TV)). Since Df is elliptic, its cokernel is of finite dimension. However, the map 

(3.12) X\r^ : &(H^j{TP^, TV) C^(A°')(/*rF)) 

is surjcctive (here we also use the fact that / is in the space C'). Therefore, by (3.10), D!F(f,j, J, u) 
is surjective. 

By the Implicit Function Theorem, we conclude that the universal moduli space M^^^n^g) is a 
smooth Banach manifold. 

Proof of Theorem 3.1: Based on Proposition 3.2, the proof is just a standard application of the 
Sard-Smale Theorem. For the reader's convenience, we outline the arguments here. 
Consider the projection 

(3.13) TT : M^Aii^,g,k) 

as a map between the Banach manifolds. The tangent space T(^fj j^^^M^j^{K,g,k) consists of 
(^, s, Y, X) such that 

(3.14) Df^ + J o df o s + f*Y o df o j - X\rf = 0. 
The derivative 

d7r:%,-j,,)>[^4(/x,5)^r(j,,)7^' 
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is just the projection to {Y, X) factors. One can show that dir is a Predholm operator whose kernel 
is isomorphic to the kernel oi Df ® J o df and has the same index as that oi Df ® J odf, where 

(3.15) Jodf: J^(°i.)(rS,) ^ W^-^'^iKfjirTV)). 

Hence, the operator di: is onto precisely when Df Q) J o df is onto for any (J, z/)-map (/, j) in 
M\{li,g,k,J,v)n = 7r~^((J, z^). In other words, 

(3.16) nl^g = {(J, i^) £n^;Df(BJo df is onto for all (/, j) G M^(//, <?, k, J, u)^} 

is precisely the set of the regular values of tt. By the Sard-Smale Theorem, this set is of the second 
category. Thus we have proved that Hl^g is dense in with respect C'-topology. Then one can 
easily deduce that Tireg is of the second category in Tl with respect to C°° topology. 

Let Tg'^ = Uk=i ^k, where Nk is compact and Nk C Nk+i- Consider the set TCreg,K CH ol 
all smooth (J, v) with the property that the operator Df ® J o df is onto for any (/, j) satisfying: 
<K and j G Nk- Clearly, 

(3.17) Hreg = 'Hreg,K- 

K>0 

Similarly, we can define H^^g ^. 

We claim that Tireg, k is open and dense in Ti. with respect to the — topology. 

The openness is clear. It remains to prove that Hreg,K is dense in H with respect to C°°- 
topology. Note that 'Hreg,K = Ti\.gg fl 7^. Then H^^g ^ is open in Ti} with respect to C'-topology. 
Since Hl^g C H^^g ^ '^reg is dense in Ti} with respect to C'-topology, so is H^gg k- It follows 
that Hreg,K is dense in H with respect to C°° -topology. Notice that Hreg is an intersection of 
countable open dense subsets, so it is of second category. 

The dimension formula follows from the Riemann-Roch Theorem. 

Theorem 3.3. For any (J, u), (J', v') G Hreg, there is a second category set of paths H(^(^j^i,)^(^j'y)) 
connecting (Jjv), {J' among the set of all such smooth paths such that for any path {Jt^vtj £ 

'^{{J,u),{J',u')) 

(3.18) MA{iJ;g,k,{Jt,iyt))K= U MA{iJ;g,k,Jt,vt)KX {t} 

te[o,i] 

is a smooth cobordism. 

The proof is identical to that of 3.1. We omit it. 
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Remark 3.4: In the case of homogeneous Cauchy-Riemann equation (zv = 0), one can use the 
Teichmuher space Tg^k ( which is smooth) in the place of T|^'^. Moreover, there is no need to 
consider finite covers. Let T*y^{g, k, J,0) be the set of (/, A) G MapAC^g^V) x Tg^k such that / 
is a (J, 0) map for the complex structure induced by A but not a multiple cover of another (J, 0) 
map. The same argument implies that there is Tireg of second category among all the tamed almost 
complex structure such that for any J € Hreg, T^(5r, A;, J, 0) is smooth. The mapping class group 
Gg acts freely on T\{g, k, J, 0). Hence, 

(3.19) T^(5, k, J, 0)/Gg C MAig, k, J, 0) 

is smooth. In our case, the inhomogeneous Cauchy-Riemann equation is not preserved under the 
action of mapping class group. Therefore, we have to consider the smoothness for each strata of 
Mg. On the other hand, our inhomogeneous equation can handle the multiple covered map, which 
can not be handled by the homogeneous equation except dimension 4 [ [R3| . 

Next, we construct the canonical orientation of A;, J, i/)^ and 5, A;, ( Jj , ft))^. 

The construction is identical to that in [Q (3.3.1) and plT| (4.12). 

Theorem 3.5. There is a canonical orientation ower A^yi(/i, 5, A;, J, i/)^ and A4a(/U, 5, A:, ( , 1/^))^. 
Proof: Recall that the linearization of at (/, j) € MAilJ^id-, k, J, v)k is 

Df®J-df: n^{f*TV) X H^j{T^j) n^'^{f*TV). 
The tangent space Tf^jM.AitJ'ig-, k, J, i')k = Ker{Df © J • df). Its determinant is 

det(TMA{lJ', g, k, J, i^)^) = det{Df J ■ df), 

which is defined over Mapyi(S,y) x T^'^. As usual, an orientation of M.a{p, g,k, J,^)^ is just a 
nowhere vanishing section of det{TA4A{fJ',g,k, ,7,1')^) up to multiplication by positive functions. 
We shall omit " up to multiplication by positive functions" if there is no confusion. Therefore, to 
construct a canonical orientation of A4AifJ-,g, k, J, i/)^, it is enough to construct a canonical section 
of det{Df ®J-df) over the whole MapA{^, V) x T^^g. We define 

(3.20) Dj = ^{Dj-J.Df.J) 
Clearly, it is J-linear. Moreover, we have 

(3.21) Df = Dj + Zf, 
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where Zj is the zero order term. Let 

(3.22) Df^t = Dj + tZf. 

Then, det{Df t © J • df) is isomorphic to det^Df^ © J • df). Hence, det{Df © J • df) is isomorphic 
to det{Dj eJ-df). 

On the other hand, both ker{Dj © J ■ df) and coker[Dj © J • df) are complex vector spaces. 
Therefore, there is a canonical section of the determinant line bundle det{Df © id) corresponding 
this complex structure. 

Similarly, one can construct a canonical orientation on 9-, k, {Jt, i't))K.- 

As the oriented manifolds, we have 
MAifJ-, 9, k, Jo,uo)k^{0} U MAifJ',g, k, Ji,i^i)^x{l} = Ma{i^, 9i k, Jo,i^o)k IJ k, Ji, z^i)^, 

where "-" means the opposite orientation. Let 

MAifJ',g,k,J,u) =[jMAifJ',g,k,J,u)t,. 

K 

In the second half of this section, we focus on the compactification of A4A{fJ-,g, k, J, v). 

Definition 3.6 ([PW], [Ye], [Ko]). Let (S, {xj}) he a stable Riemann surface. A stable map 
(associated with {T,,{xi})) is an equivalence class of continuous maps f from S' to V which are 
smooth at smooth points ofT,', where the domain T,' is obtained by joining chains o/P^ 's at some 
double points of S to separate the two components, and then attaching some trees of P^ 's. We call 
components of S principal components and others bubble components. Furthermore, 

(1) // we attach a tree of at a marked point Xi, then Xi will he replaced hy a point different 

from intersection points on some component of the tree. Otherwise, the marked points do not 
change. 

(2) The singularities o/S' are normal crossing and there are at most two components intersecting 

at one point. 

(3) // the restriction of f on a bubble component is constant, then it has at least three special points 

(intersection points or marked points). We call this component a ghost bubble jPI/t- /. 

(4) For each principal component, the restriction of f is a {J,i')-map. 
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(5) The restriction of f to each bubble is J -holomorphic. 

Two such maps are equivalent if one is the composition of the other with an automorphism of bubble 
components fixing the special points. 

Evidently, the equivalence relation is trivial unless some bubble component has one or two 
special points. The restriction of / to each component carries a homology class. We shall use [/] 
to denote the summation of all those homology classes. 



Remark 3.7: The terminology stable maps was first used by Kontsevich and Manin in | KM |. It 



had appeared before in Parker- Wolfson-Ye's proof of Gromov-Uhlenbeck compactness theorem un- 



der the name cusp curves [PW|, |[Yq| . Later, it was introduced to algebraic geometry by Kontsevich 



and Manin and known more commonly as stable maps. Here, we follow their terminology. 
Then Theorem 3.1 of [[RT[ (see also [PW| and [|Ye[) can be restated as follows: 



Theorem 3.8. Let fm G M.A{lJ',g-,k, J-,^)- Suppose that the domain of f converges to 

a stable Riemann surface in the sense of Deligne-Mumford. Then, there is a subsequence 

{fmt} "weakly converging" to a stable map f ( associated with (S, {xj}) ) such that [f] = A. Here, by 
the weak convergence, we mean that the image of fmt converges to the image of f in the HausdorjJ 
topology. 



Strictly speaking, Proposition 3.1 of [EIT| only proves the version of Theorem 3.7 without marked 
points. But one can easily keep track of marked points in the proof and deduce Theorem 3.7 as we 
stated. 

We denote the space of stable maps with fundamental class A by AdAitJ-iQ, k, J, v). Clearly, 
(3.23) MA{fi,g,k,J,iy) D MA{l^,g,k,J,u). 

One can easily deduce from Theorem 3.7 the following: 

Corollary 3.9. MAifJ-, 9,k, Jjv) is compact in the H aus dor ff topology. Moreover, the evaluation 
map Ci extends to a continuous map from M.A{l^^g^k, J^u). 

We shall call A4yi(/^, 5, fc, J, v) GU-compactification of M.a{i^, 9, k, J, i^), since Gromov and Uh- 
lenbeck first studied the compactness problem for harmonic maps and pseudo-holomorphic curves. 

Definition 3.10. We call f a reduced GU-map if f satisfies (1), (4), (5) of Definition 3.6. Fur- 
thermore, it satisfies: 
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(2') The singularities of S' are of normal crossing, but it could have three or more components 
intersecting at one point; 

(3') There are no ghost bubbles; 

(6) There are no bubble components which are multiple covering maps; 

(7) There are no subtrees of the bubbles whose components have the same image. 

For any stable map, we can define a GU-map (with possibly different fundamental class) as 
follows: (i) we collapse the ghost bubbles; (ii) we replace each multiple covered bubble component 
by its image; (iii) we collapse each subtree of the bubbles whose components have the same image. 

Clearly, this reduction may destroy the property (2) of the Definition 3.6, but still preserve the 
property (2'). Also in this reduction, the fundamental class may change. 

Define 'A4^y^{^i, g, k, J, v) to be the quotient of A^a(/"i 9, k, J, v) by the above reduction. Further- 
more, we define the topology on J\4\{^, g, k, J, v) as the quotient topology. 

By the definition, g, k, J, v) is a union of GU-maps with possibly different fundamental 

classes. We will prove the following structure theorem. 

Theorem 3.11. Let iV^to) be a semi-positive symplectic manifold. There is a set TCreg of B aire 
second category among all the smooth pairs (J, zv) such that for any (J, u) £ TCreg, 9, k, J, v) — 

■^AilJ-, 9,k, Jjv)! consists of finitely many strata, such that each stratum is a smooth manifold of 
real codimension at least 2. 

Proof of Proposition 2.3. (1) follows from Theorem 3.1. (2) is obvious (cf. Corollary 3.9). 
By the construction of A^^(;U, A;, J, z^), both T and H^;. descend to 'J/C/^{^, g,k, J.,v). Then (3) 
follows from Theorem 3.11. 

Remark 3.12: One may ask whether or not 'A4^j^{fi,g,k,J,L') carries a fundamental class. This 
is indeed the case if M^y^{fi, g,k, Jjv) admits a real analytic structure. These will be established 



in | RT1 | by more delicate analysis. Then one can directly use the GU-compactification to prove 



Proposition 2.3. 

In the rest of this section, we outline the proof of Theorem 3.11. The proof is identical to 



Section 4 of [RT|. We refer the readers to |RT]] for certain details. 

First we shall decompose M.\{^,g, k, J, v) — J^A{l^,g, k, J, v) into strata. A stratum is the set 
of GU-maps (possibly with total homology class different from ^4) satisfying: (1) their domains 
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with marked points are of the same homeomorphic type; (2) Each connected component carries a 
fixed homology class. Furthermore, for technical reasons, we need to specify those bubble compo- 
nents, which have the same image even though they may not be adjacent to each other, and their 
intersection points having the same image. Therefore, the strata of A4^j^{fx, g,k, J,u) are indexed 
by data: (i) homeomorphism type of the domain of GU-maps with marked points; (ii) a homology 
class associated to each component; (iii) a specification of components with the same image and 
their intersection points with the same image. We denote by D a set of those three data. Let "Dg^k 
be the coUection of such D's. Note that when we drop the multiphcity from a multiple covering 
map, we change the homology class. However it is still ^-admissible in the following sense: 

Definition 3.13. Let D be given as above. We define [D] to be the sum of homology classes of 
components in (ii). Let Pi, ■ ■ ■ ,Po be principal components and Bi, ■ ■ ■ ,Bp be bubble components 
of D. We say that D is called A-admissible if there are positive integers hi, - ■ ■ ,bk such that 

(3.24) A = J2m+T.HBj] 

1 1 

where [Pi], [Bj] are the homology classes of Pi, Bj. We say that D is { J, i')- effective if every prin- 
cipal component can be represented by a {J,u)-map and every bubble component can be represented 
by a J -holomorphic map. 

We will always denote by Sj the domain of the (J, z^)-map representing Pj. Let P^'^ C Pg^fc be 
the set of A-admissible, ( J, i/)-effective D. 

Lemma 3.14. The set P^'^ is finite. 



This is the analogue of Lemmas 4.5 of |RT] and a simple corollary of the Gromov-Uhlenbeck 
compactness theorem (cf. Theorem 3.8). The presence of marked points doesn't affect the proof 
at all. We omit it. 

One can consider V'^''^, as the set of indices of strata. For each D G I'f't, let MoilJ-, 9, k, J, u) 
be the space of GU-maps such that the homeomorphism type of its domain with marked points, 
homology class of each component, and components and their intersection points which have the 
same image are specified by D. The following lemma can be deduced from the definition. 

Lemma 3.15. 

(3.25) MA{n,g,k,J,u)= [j Md{i^, 9,k, J,v). 
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By the definition, each D is associated with a stable Riemann surface S^j^^) which can be 
obtained by contracting all the bubble components. Recall that for each principal component 
we have to fix the automorphism group preserving the special points to make the transversality 
arguments work (Theorem 3.1). Here we use R to denote the otuple (ki, • • • , Kq), where Ki is the 
automorphism group of the principal component Pi fixing the special points (marked points and 
intersection points) of Y.D,r- Then, 

(3.26) MD{lJ',g,k,J,u) =[jMDifi,g,k,J,u)ii, 

where M.d{ii, g, k, J, z^)^ consists of all maps in Md^ji^ k, J, u) whose i^'^-principal component has 
the automorphism group Kj. Next we prove the smoothness of A4£)(/i, (7, fc, J, 1^)^. First we make 
another reduction by identifying the domains of those bubble components which have the same 
image, and change the homology class accordingly. Furthermore, we identify the corresponding 
intersection points with the same image. Suppose that the resulting new domain and homology 
class of each component are specified by D. This process may destroy the tree structure and creat 
some cycles in the domain. The total homology class may also change. However, it remains to be 
^-admissible. 

Given such D and D, we can identify Aiuil-i', g,k, J,i')fi with the space of (J, z^)-maps whose 
domain, homology class of each component are specified by D and the automorphism group of its 
principal components are specified by R. Let us denote this space by Ai£){fJ,,g, k, J, v)^^. Then, 

(3.27) MD{l^,g,k,J,u)ii = Mf){ii,g,k,J,u)ii. 

For each / in M£){fi, g,k, J,i')ji, the bubble components have different images. As before, let 
Pi, - ■ ■ ,Po be the principal components and let Bi, - ■ ■ ,Bp be the bubble components. Let 
be the domain of maps in the stratum MQ{fi,g,k,J,u)ii. This is a union of Sj (genus gi) and 
some S^'s intersecting each other according to the intersection pattern given by D. Let hi be the 
number of intersection points on the component Pj. Note that we count a self-intersection point 
twice. Here, the intersection points between the components are the points in their domain, not in 
their image. Similarly, let be the number of intersection points on the bubble component Bj. 
Let ki{k^) be the number of marked points on Pj-component (bubble component Bj), which are 
different from intersection points. Notice that fc'' = or 1. Moreover, 

(3.28) ^ki + J2k^ < 2fe- 
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It may not be equal to 2k because the collapsing of the ghost bubbles containing a marked point 
forces the marked point to lie on the intersection. Let M'^^ -^{S'^,J,0) C M.[Bj]{S^,J,0) be the 
space of non-multiple covering maps and 

MlB,]iS^h^ + ,J,0) = MIb,]{S^J,0) xS^'''^"' 

where S'^ is the set of distinct + fc-' -tuple points of S . Consider 
(3.29) 

MoilJ'^ 5, k, J, i^)ji = {f :T,£,^V\ fp^ e M[p^]{|J,, gi, hi+h, J, iyi)niJrn{fBj) + lm{jB.,) if 3 + /} 

For each bubble component, there is a parameterization group G = PSL2. Therefore, G^d acts 
on Aii){fi, g, J,i')fi, where pfj is the number of bubble components. Then M£){fj,, g, J,i')ji = 
MD{n,g,k,J,u)fi/GPD. Clearly, 

(3.30) MD{i2,g,k,J,iy)fi cllM[p^]in,gi,hi + ki,J,iyi)^. x []7WJs.](52, /i^' + fc^ J, 0), 

whose components intersecting each other according to the intersection pattern given by D. Con- 
sider the evaluation map 

(3.31) er>:]lM[p,]{ii,g,hi + ki,J,u)^,x]lMlBj]{S\h^ + k^,J,0)^]lV^^ x]l^ 
where /i^ = J2 f^i + J2 h-^ , and is defined as follows: We first define 

• ■^[■P^l ^' + ^ 
ePi if, XI,---, Xhi,Xhi+i - - - Xhi+ki) = ifixi), f{xhi)) 

For each Bj, we define ee^. : Ml^.^iS'^, M + y, J, 0) ^ V^' by 

(3-33) eBj{f,yi,--- ,yhi,yhi+i-yhi+ki) = (/(yi)r--,/(2/w))- 

Then we define = JJep. x JJeBj- Recall that if M,N are submanifolds of X, M Ci N can be 
interpreted as M x N Ci A, where A is the diagonal of X x X. This means that we can realize any 

intersection pattern by constructing a "diagonaP' in the product. Let us construct a submanifold 
C which plays the role of the diagonal. Let zi, - - - ,zt^ be all the intersection points. For 
each Zs, let 

Is = {^ii ) ■ ■ ■ 5 Piq ) Pji ) ■ ■ ■ ; Pjr } 

be the set of components which intersect at Zg. Now we will construct a product Vg of V such 
that its diagonal describes the intersection at Zg. This is done as follows: we allocate one or two 
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factors from each of V^'-i , • ■ ■ , V'^'i , according to whether or not Zg is a self-intersection point of the 
corresponding principal component. We allocate one factor from each of V^''^ , V^'"^ . Here V^^ 
or V^^ are the image of ep. or CBy Then, we take the product of those factors and denote it by Vs- 
Let As be the diagonal of Vs- Then the product A^, = Ai x • • • x A^^ C V^o [g the diagonal to 
realize the intersection pattern between the components of D. Then e^{A£,) D jCij=)[fi,g, k, J, u). 
But they may not be equal because we require that bubble components have different image. But 
Aif)(fi,g,k,J,i') is an open subset. Moreover, the group G^o acts on e'^{lS.]j). 

Theorem 3.16. There is a set Tireg of Baire second category among all the smooth pairs {J,v) 
such that for any (J, v) E T~ireg; ■M.j^{^^g, k, J, i/)^ is a smooth manifold of dimension 

Y^(2ci{V)iP,)+2ri{l-gi))+Y,dimT';il+Y,{2ci{V)iBj)+2n-^^^ 

where gi is the genus ofEi and tfj is the number of intersection points of D. 

Moreover, for any (J, v) and (J', u') ofHreg, there is a second category set of paths 'H{{.j^u),{j' y)) 
connecting {J , v) and^J'ju') among allthe smooth paths such that for any path {Jt, ft) G 'H(^(^j^y)^(^jt y^^, 

U Mi){fi,g,k,J,iy)fi 
te[o,i] 

is a smooth cobordism of one dimension higher. 

By the construction of D, it is evident that tfj < to and hfj < hfj. But, hjj — tfj = ho — ti). 
Therefore, 

Corollary 3.17. Under the conditions of Theorem 3.16, the dimension of A4o{fj,, g, k, J, z^)^ is less 
than or equal to 

^(2ci(y)(P,) + 2n(l - 5*)) + E dimT^;"o + 2A: + E(2ci(y)(5,) + 2n - 6) + 2hD - 2n{hD - to)- 



Proof of Theorem 3.16: The idea of the proof is similar to that in the proof of Lemma 4.8-4.11 
in [Ml]. Also many arguments are the same as those in the proof of Theorem 4.7 in [|RT|| . But we 



will avoid the Floer's norm on the space of almost complex structures as we did before. 

First of all, M.i){fi,g, k, J, v)^ is an open subset of e~^{/S.j^). Hence for the purpose of proving 
smoothness, we can assume that 

MQ{n,g,k,J,u)ii = e^^(A£,) 
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to simplify the argument. 

Suppose p > 2,m > 1. Following (3.3), 

(3.34) x",5 = n U Ll^,{Map[p^]{E,,V))x{j}xllLl{Map[B^]{F\V))x{W) 

i=l -jgx''''' ^=1 

is a smooth Banach manifold. Then, we define 

(3.35) M'{D,k) = {if,j,J,u) G 'H'-^djfix) = ,.{cP{x)J{x))}, 
where m < I and the equation 

djf{x) = u{<p{x),f{x)) 

means the (J, i/)-holomorphic equation for each Pi component and J-holomorphic equation for each 
[Bs] component. It is not hard to observe that 

(3.36) M\D,R)= U {]jM\p^^{fi,gi,h, + ki,J,u)^^xY[iM%^^{S^h^ + k^,J,0). 
Lemma 3.18. M\D, k) is smooth Banach manifold. 



Proof of Lemma 3.18: JW-{D,k) is just the analogue of 0(Aj) in Lemma 4.9 of The 
proof of Lemma 3.18 is identical to that of Lemma 4.9 in |RT] ]. We omit it. 

Note that the evaluation map extends 

(3.37) M\D,R) ^V^o, 

We define 

(3.38) M'^{iJi,g,R) = el\^n) 
Lemma 3.19. A4''j=^{fi, g, k) is a smooth Banach manifold. 



Its proof is identical to the proof of Theorem 4.7 of [RT|. We omit it. 

Then, the rest of proof of Theorem 3.16 is similar to that of Theorem 3.1. We sketch the 
argument. 

Consider the projection 

(3.39) TT : M^p,{n,g,K) ^nK 
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Then, 

(3.40) M^^{^l,g,KJ,u)-^ = {'k)-\{J,u)). 

Then vr is a Fredholm map between two Banach manifolds. It foUows from the Sard-Smale Transver- 
saUty Theorem that the set 

"^reg = {(•^' & Ti} \ is onto for all / G M^^yiix, g, k, J, iy)f-} 
is of Baire second category. Let 

I 

Then, 

(3.41) Mr,in,g,k,J,u)fi = f]MQ{i^,g,k,J,u)fi. 

I 

As in the proof of Theorem 3.1, we can deduce that Hreg is of Baire second category. We leave it 
to the readers as an exercise. Then, for any (J, v) G Ti-reg, 

MDitJ'^9,k,J,u)ji = 7r~"^((J,i/)) 

is a smooth manifold. Since G^o acts freely on M.Q{fi, g, k, J, z^)^, 

MD{ii,g,k,J,u)ii = M£,{lJ',g,k,J,iy)ii/GPo 

is smooth. 

An routine coTinting argument yields the dimension formula. 
The proof of the second part of Theorem 3.16 is identical. 

Recall that if we contract all the bubble components of D, we obtain the stable Riemann surface 
T^D^r in the sense of Deligne-Mumford. 

An interesting special case of Theorem 3.18 is 

Corollary 3.20. If T,d has no bubble components at all, i.e., Tid = ^D,r, •M.j:jj{fJ,,g,k,J,i')ii 
is smooth for a generic {Jjv). Moreover, for a generic {JtjVt), \JfMD{fJ',g,k, Jt,i^t)K x {0 = 
Ut -^Sb (m, ff, ^5 •^i J i^t)K X {t} is a smooth cobordism. Here, the word "generic" means that it is in 

a set of Baire second category. 

Next, we compute the codimension of Aif) {fi, g, k, J, z^)^. . First 
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Proposition 3.21. Suppose that {V,uj) is a semi-positive symplectic manifold. Let Ai^.^^ ^ C 

be the set of stable Riemann surfaces such that their homeomorphism types are specified by ^D,r- 

Then, 

(3.42) dimM£,{l^,g, k, J, u)-^ < 2ci{V){A) + 2n(l - g) + dimXso,. " 2pD, 
where po is the number of bubble components of D (not D) 

Proof: By Corollary 3.17, the dimension of M.j^{jjL, g, k, J, v)f^ is less than or equal to 

^(2ci + 2n(l - 5,)) + 2A: + ^ dim T;;;;' + ^(2ci + (2n - 6)) + - 2n(/ii3 - tij) 

i i j 

= 2ci{V){[D]) + 2n^(l -g,) + 2k + Y, dim, T^g]^ + (2n - 6)p5 + Iho - 2n{hD - to) 

i 

For a generic J, 

(3.43) 2ci{V){Bj) + 2n - 6 = dimA^f^^j (5^ J,0)/PSL2 > 0. 

If some bubble component Bj happens to be the image of two or more bubble components of D, 
by adding 2ci{V){Bj) + 2n — 6 to the dimension formula, 

dimMj:){n,g,k,J,u) < 2ci(y)([D])+2n^(l-(7,)+2fc+^dimT^;;+(2n-6)pi5+2/i^-2n(/ii5-tfl). 

i i 

Since (V^,u;) is semi-positive, ci{y){Bj) > for a generic J. Since D is ^-admissible, ci{y){[D\) < 
ci{V){A). Let 

(3.44) Ad = (2n - &)pD + 2hD - 2n{hD - to). 
Then, Proposition 4.13 of | |RT| implies that 

(3.45) Ad < As^ - 2pD. 

Note that in |RT] ], we use ko to denote the number of bubble component instead of po we used in 
this paper (here k was used to denote the number of marked points). Therefore, 

dimM j^{n,g,k,J,u)-^<Y,^ci{V) (A) +2n ^(1-^0+2^+^ dim T^'g^^ +2h^^ -2n{h^^ -t^^ )-2pD. 

i i i 

Since S^.r is homeomorphic to a stable curve, is the number of double points and /is^ = 2ts£,- 
An easy inductive argument (Proposition of 4.13, |R1|] ) shows that 

(3.46) o-t^^-Y,gi = l-g. 

i 
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It is easy to observe that 

(3.47) dimMj:^ ,. =2k + J2 T^;fo + < dim 

i 

and equal iff all the trivial. 

Proof of Theorem 3.11 (Structure Theorem): It follows from Lemma 3.14, 3.15, Theorem 
3.16, Proposition 3.21. 

4 Proof of Proposition 2.4, 2.9 and 2.10 

In this section, we first establish the existence of the GW-invariants (Proposition 2.4) and its 
independence from various parameters. Hence, ^'^ is a symplectic invariant. Then, we will prove 
Proposition 2.9 and 2.10. Technically speaking, this section is the analogue of section 5 and 7 of 
|RT|. We shall repeatly use the word "generic" to mean something belonging to a set of Baire 



second category. 

First of all, we extend the definition of pseudo-submanifolds to the singular space with quotient 
singularities such has Mg i^. Furthermore, we also need to consider the transversality theory of such 
pseudo-submanifolds. It is well-known that over the rational coefficient Q, the usual theory for 
the smooth manifolds extends to the singular space with quotient singularities, where the Poincare 
duality holds over Q. 

Definition 4.1: An n- dimensional finite simplicial complex P is called an abstract pseudo-manifold 
ptop — p — p^_2 (n — 2 skeleton) is an open smooth oriented n- dimensional manifold. P is called 
an abstract pseudo-manifold with boundary if is a n-dimensional oriented smooth manifold 



with boundary dP*°^ . Let dP = dP^°P. Then dP H Pn-2 is a subcomplex of dimension less than or 
equal to n — 3. Let V be a stratified PL-manifold such that each stratum is even dimensional and its 
triangulation is compatible with the stratification. A pseudo-submanifold is a pair (P,f), where P 
is an abstract pseudo-manifold and f : P ^ V is a piece-wise linear map (PL) with respect to some 
triangulation of V . Furthermore, we require that f maps into one stratum and smooth. A 

pseudo-submanifold cobordism between pseudo-submanifolds {P, /), {Q, h) is a pair (K, H) such that 
K is an abstract pseudo-manifold with boundary with dK = P U —Q and H is PL with respect to 
some triangulation of V and smooth over K^°P in the sense that H maps the K^"P smoothly in one 
stratum or maps the interior K° of to one stratum and dK^°^ to the lower strata. Moreover, 
H\pyj-Q = / U —h, where — means the opposite orientation. 
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Furthermore, we have the following lemma on trans versality. 

Lemma 4.2. Let V be a stratified PL-manifold with fundamental class [V] such that the Poincare 
duality holds over the rational coefficient. Then, for each homology class a, there exists p and a 
pseudo-submanifold representative {P, f) of a homology class p{a) . Furthermore, if hi : Xi ^ V be 
smooth maps from smooth manifolds Xi to smooth strata of V , then there is a small perturbation 
f : P ^ V such that f is transverse to each hi, i.e., f is transverse to hi as a PL map and 
transverse over as a smooth map. 

Proof: This lemma is the consequence of standard transversality results in PL topology jMc| | (Theorem 
5.2). One remark is that if y is a smooth manifold, this lemma holds for any a. Otherwise, the 
lemma holds for those class of the form [V] fl /?* for a cohomology class (5* (Theorem 5.2 of [fVIcf ). 
Then, the lemma follows from the assumption that the Poincare Duality holds over the rational 
coefficient Q. 

Recall that in (2.4), we have defined the evaluation map 

(4.1) a: MA{f^,9,k,J,i')K ^V. 

Ci extends obviously to each A4£){fj,, g, k, J,h')fi (Lemma 3.15). We shall still denote it by Cj. Fur- 
thermore, 

(4.2) T:A^^(/i,5,fc,J,i/), ^A^^^, „ 

which takes the domain of maps in AiAd-i-, 9, k, J, v)^ (section 2) extends over 

T■.Mr){^i^g,k,J,u%^M'^^^^-, 

as well. There is an obvious version of the maps Cj and T for the corbordisms IJj A^a(/U, g, k, Jt , 1^4)^ x 
{t} and 1J( Mi){fi, g, k, Jt, vt)R x {t}. We denote them by ef^ and T^*). Then, we define 

(4.3) (-^.)^*^=n4*^- 

i 

Definition 4.3. Let [Pi, fi) be a pseudo-submanifold ofV. We say that [Pi, fi) is transverse to Cj 
(hence '^fk) i-^i' /«) transverse to Ci as the maps from M-AifJ-, g, k, J, i^)^ and their extensions 
over Aif){fi, 9, k, J,iy)ii for each D € T^'g'j^ in the sense of Lemma 4-2. We say that {Pi, fi) is 
transverse to ef^ if it is transverse to ef^ (hence (H^^)(*) ) as the maps from [Jt M.a{i^, 9,k, Jt,vt)R'X- 
{t} and their extensions over IJ^ M.j^{p,, 9, k, Jt, yt)h x {t} for each D G P^'^ in the sense of Lemma 
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4-2. Similarly, we say that a pseudo-submanifold (G,K) of Mg j^ is transverse to T (orT^^^) if it 
transverse to them as the maps from AiAi/J-, g,k, J,i^)k and its extensions over MQ{^i,g,k, J,u)^ (or 
from Ut A^a(a*) 5) k, Jt, Vtlh x {t} o-nd its extensions over IJj Mjjdi, g, k, Jf, i't)K x {t} ) respectively. 

Let us recall the construction of section 2. Let aj be integral homology classes of V. We choose 
pseudo-submanifolds {Yi,Fi) to represent a^. Let 

k k 

Y = l[Yi,F = ]lFi. 

i=l i=l 

Then, Y^°P = ULi Yi"^ ■ Clearly, {Y,F) represents nf=i e H^{V^ , Z). 

Note that M.'^ j. may not be smooth, but the Poincare Duality holds over rational coefEcients. 
Hence, we can assume that each homology class can be represented by a pseudo-submanifold and the 
corresponding transversality holds as long as we work over H^{M.g^k, Q). Let (G, K) be a pseudo- 
submanifold in Mg j^ and first we assume that {G, K) is in general position i.e., K{G^"P) C M.g 
where / represents trivial automorphism group. 

Lemma 4.4. By choosing small perturbations if necessary, we have that K x F is transverse to 
T X as the PL-maps with respect to some triangulation of V and as the smooth maps over 

Ytop y Qtop 

Proof: This follows obviously from Lemma 4.2. 

Corollary 4.5. Suppose that 
k 

(4.4) ^(2n - di) + (65 - 6 + 2fc - deg{ii,g)) = 2ci(F)(^) + 2(3 - n)(/x,5 - 1) + 2k. 

i=l 

and Fi,K satisfy the statement of Lemma 4-4- Then, 

KxFnTx Efj^iMAifi, g, k, J, u) - MAifi, g, k, J, u))i = 0; 

(4.5) 

K X F{Y xG- Y^^P X G^°P) n T x Ef^^ = 0. 
Proof: By Lemma 4.4, K x F is transverse to T x S^^. To prove 

X F n T X Ef^k(MA{fi, g, k, J, u) - Ma{ix, g, k, J, = 0, 

by (3.25), (3.26), 

'M^j^{li,g,k,J,u) = y [jMD{n,g,k,J,u)ji. 
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By the Proposition 3.20, except the main component M.A{lJ',9,k,J,i')j, all other components 
M-Q^ji, g, k, J, u)^ are smooth manifolds of dimension 

(4.6) < 2ci {V) {A) + 2(3 - n) (5 - 1) + 2A; - 2 
Since i^T x F is transverse to A4f){iJ,,g, k, J, i')^, then 

(4.7) dim(if X F n T X Ef^^iMBifi, 9, k, J, u)-,)) < -2. 
Hence, it is empty. Therefore, 

(4.8) X F n T X Ef^^iMoifi, 9, k, J, u)-,)) = KxFnTx ~l^{Mr>{^i, 9, k, J, i^h)) = 0- 

(4.9) K X F{Y xG- Y^^p x G^°p) n T x S^^^ = 

follows from a similar dimension counting argument. We leave it to the readers. 
Now we adopt the notations from section 2. By (2.7), 

(4.10) {TxEfi^xKx F)-\A) c MAifi,9,k,J,u)i x Y*°p x G*"*' 
is a zero-dimensional smooth submanifold. 

Lemma 4.6. (T x S^^. x K x F)~^(A) is compact and hence finite. 
Proof: Suppose that there is a sequence of distinct elements 

{fs.Xs,Xs) ^iTxEl^xKx F)-\A). 

By taking a subsequence, we can assume that 

/s ^ / e 'JyrA{iJ',9,k,J,iy) 

and 

{Xs,Xs)^{X,x) eY xG. 
However, (T x x K x F)^^(A) is smooth. Thus, either 

(4.11) {f,X,x)eKxFnTx Ef^kiM^Aifi, 9, k, J, v) - MA{fi, 9, K J, = 
or 

(4.12) (/, X,x)eKx F{Y xG- Y*°p x G*°p) n T x H^^ = 0. 
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In both cases, we have a contradiction. 

Once the Lemma 4.6 is proved, as in section 2, we can define 

as the algebraic sum of (T x x K x F)~^(A). To emphasis the dependence on {J,u) at this 
moment, we define 

(4.13) ZiA,i^,g,k,J,,y,F,K) = (T x H^, x K x F)-\A) 

Sometimes (for example (4.29)), we also use Y,G in the place of F,K in Z{---), if there is no 
confusion. To abuse the notation, we denote its algebraic sum by \Z{A, fi, g, k, J, i',F,K, )\. 
Next we have to prove Proposition 2.4. The proof will be divided into a series of Lemmas: 

Lemma 4.7. \Z{A,fi,g,k,J,i',F,K)\ is independent of the representative {Y,F) and {G,K), 
whenever {G, K) is in general position. 

Proof: Suppose that {Y',F'), {G'.K') are other representatives such that {G',K') is in general 
position. There are corbordisms {Q,H) and {L,P) such that 

(4.14) d{Q) =YU -Y', H\q^q) = F U -F'; d{L) = GU -G', P\q^l^ = K U -K' 

Let's first work on {Q, H). By choosing a small perturbation of H relative to d{Q) if necessary, we 
can assume that H x K is transverse to T x S^^. Then, by counting dimensions as one did in the 
proof of Lemma 4.4, one can show that 

H X KnT xEff.(ArA{fi,g,k,J,u) - MA{n,g,k,J,iy)i) = $; 

(4.15) 

H X K{Q xK- Q*°P x K^'^) nT xEf,^ = (l}. 
Then, it follows from the same argument as in the proof of Corollary 4.5 that 

(4.16) Z{A,i^,g,k,J,i^,H,K) = (T x H^^ x x P)-\A) c MAit^,g,k,J,i^)i x Q'"p x K'^'p 
is a compact, smooth, oriented 1-manifold with boundary 

(4.17) diZ{A, fi, g, k, J, u, H, K)) = Z{A, fi, g, k, J, u, F, K) (J -Z{A, fi, g, k, J, u, F',K). 
Hence, 

(4.18) \Z{A,fi,g,k,J,u,F,K)\ = \Z{A,,i,g,k,J,iy,F',K)\. 
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Next, we fix a {Y,F) and consider {L,P). By choosing a small perturbation of P relative to d{L), 
we can assume that {L,P) is in general position and F x P is transverse to T x S^^. Repeating 
the previous argument, we can show that 

(4.19) \Z{A,fi,g,k,J,u,F,K)\ = \ZiA,fi,g,k,J,u,F,K')\. 
Lemma 4.8. \Z{A, fj,, g,k, J,!/, F, K)\ is independent of generic {J, v). 

Proof: Let (J',z/') be another generic pair. Choose a generic path (Jt,ft) connecting (J, z^) to 
(J', u'), such that 

MD{fi,g,k,{Jt),{iyt))ii = [jMD{n,g,k,Jt,iyt)R x {t} 

t 

is a smooth, oriented cobordism between Mj^^fi, g,k, J,i')ji and Aij~){p,,g,k,J' ,iy')ji. By Lemma 
4.2 and choosing a small perturbation if necessary, wc can assume that F x K is transverse to 
T^*) X (H^j^.)^*^, where the choices of F,K do not affect our result by the Lemma 4.7. Then, a 
dimension accounting argument shows that 

KxFn tW X {Ef^f,f\jriii, g, k, (Jt), {i^t)) - MA{t^, 9, k, (Jt), {i^t))i) = 0, 

(4.20) K X F{Y xG- Y*"p x G^°p) n x (Ef^kf^ = 0. 
Then, 

^421) Z{A,^^,g,k,{Jt),{ut),F,K) = (T^ x (S^_,)W x K x F)-\A) 

C MA{l^,9,k,{Jt),{'^t))ixY''>PxG'''P 

is a compact, smooth, oriented 1-manifold with boundary. Moreover, 

d{Z{A, fi, g, k, {Jt), {i^t), F, K)) = Z{A, /x, g, k, J, u, F, K) U -Z{A, /x, g, k, J, i/ , F, K). 

Hence, 

(4.22) \Z{A,ii,g,k,J',v',F,K)\ = \Z{A,,i,g,k,J,iy,F,K)\. 

Lemma 4.9. \Z{A, /j,, g,k, JjV, F, K)\ is independent of semi-positive symplectic deformations. 

Proof: Let ujt be a family of semi-positive symplectic deformation of a;o = Then, we can choose 
a generic path (Jj , vt) such that Jt is Wj-tamed. Then, this lemma follows from the same arguments 
as the proof of Lemma 4.7. 
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Next, we prove Proposition 2.9, which gives the analytic foundation for the composition law 
(Theorem 2.10). Then, the composition law can be easily derived from Proposition 2.9 by using an 
observation of Witten. 

First, we extend the definition of ^ to the case that (G, K) is in the boundary, say K{G) C A^s; 
where M^, is one stratum of -Mg i^. If {G,K) has more than two components lying in different 
strata, the corresponding GW-invariant is just the sum of the GW-invariants of each component. 
Therefore, without loss of generality, we can assume that {G,K) is in the one stratum of -Mg ^. 
Note that is also a PL-manifold with local quotient singularities where the Poincare Duality 
holds over the rational coefficient. Therefore, we can replace -Mg j^ by A4^ in our construction of 
^. In this case, the proper moduli space is 'M^{n,g, k, J, v). Note that we still have the restriction 
of S^^, T to ^M'^{fi,g, k, J, v). We shall denote it by and T^;. Then, we can choose a generic 
J, V and F and K in general position (inside K{G^°^) C j, where / means the trivial 

automorphism group for each component. Repeating the construction of Lemma 4.4, 4.5, we can 
define 

as the algebraic sum of 

(4.23) . Z{A,M^,J,iy,F,K) = {T^xE^x K x F)-^{A) c Msif^, g,k, J,i^)j x Y^°p x G^°p 
Before proving Proposition 2.9, we need the following family version of the gluing theorem in 

Let U C U C J be an oriented submanifold (not necessarily closed) and 

<P:Ux[0,e)^M';^, 
be a diffeomorphism such that (/>([/ x {0}) = U and if t ^ 0, 4>{U x {t}) C -A^g a: /• 

(4.24) Ut = X {t}). 
Define 

Ma{Uo,J,u) = {T)-\Uo)r^MA,J^{^^,9,k,J,v)J. 
For each t 7^ 0, we define 

(4.25) Ma{Uu J, = 0^r\Ut) n A^^(/x, 5, k, J, 
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Fix a generic (J, u) and (f) such that for each t, M.AiUt, J, z^) is a smooth manifold of dimension 

(4.26) 2ci{V){A) + 2n(l - g) + dimUt. 

Then, the following is a slight modification of Theorem 6.1, [RT]. We leave the details to the readers. 

Gluing Theorem: Let /o be any map in Ma{Uo, Jjv). Then there is a continuous family of 
infective maps Tf from W into M.A{Ut-, J^f), where t is small and W is a neighborhood of fo in 
M-AiUo, J,^), such that (1) for any f in W, as t goes to zero, Tt{f ) converges to f in -topology 

on So CL'nd in -topology outside the singular set ofT,Q; (2) there are e,(5 > satisfying : if f is 
in M.A{Ut-, J,v) and 

dv{f'{x),fQ{y)) < e, whenever x G G Ut, 

where dy is the distance functions of a J -invariant metric hy on V and then f is in Tt(yy). 
Moreover, for each t, Tt is an orientation-preserving smooth map from W into MAiUt, J, v)- 

Proof of Proposition 2.9: If {G',K') is another pseudo-submanifold representing the same 
homology class, we can assume that there is a pseudo-manifold cobordism (L, P) between (G, K) 
and {G',K'). 

Without loss of the generality, we may assume that {G', K') is in general position. By choosing 
a small perturbation relative to the boundary if necessary, we can further assume that 

(4.27) P{L") C Ml^^j. 
Again, by counting dimensions, we can show that 

F X Pf|T X Ef^kQ^'j^{ii,g,k,J,iy) - MA{l^,g,k,J,i^)iUMs{l^,g,k,J,iy)j) = 0, 

(4.28) F X P{Y xL- Y^°p x P°p) = 0. 
Then 

^4 29) Z{A,fi,9,k,J,u,F,L) = (T x S^, x F x P)-i(A) 

C Ma{i^, g, k, J, v)i U >fE(/x, g, k, J, v)j X y*°f X . 

Since V'°p is a manifold with boundary, we can choose an open subset 
(4.30) L C I C L*'^ 
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such that 

(4.31) Z{A, II, g, k, J, V, F, L) C MA{^Ji, g, k, J, v)i U M^{n, g, k, J, v)j x Y^'^ x Z, 

dL = UiJU' 

where U C U' C {G'Y°p. Furthermore, there is a uniform constant e such that there are collars 

(4.32) U X [0, e) C L; U' x [0, e) C L. 
Thus, 

(4.33) Z{A, fi, g, k, J, u, F, L) = Z{A, ii, g, k, J, u, F, L). 

Let Ut = U X {t} and Ug = U' x {s}. It follows from an ordinary cobordism argument, which is 
identical to that of Lemma 4.6, that Z{A, g,k,J,v,L — Ux [0, e) U C/' x [0, e)) is a smooth, compact, 
oriented 1-manifold with boundary 

d{Z{A, g,k,J,u,L-Ux [0, e)UU'x [0, e))) 
= Z{A, /X, g, k, J, u, F, Ue) U -Z{A, /x, g, k, J, u, F, U',). 

Therefore, 

(4.35) \Z{A,iJi,g,k,J,v,F,U,)\ = \Z{A,fi,g,k,J,u,F,Ui)\. 
Obviously, we can use any Ut, Ug in the place of U^, U^. Then, we show 

(4.36) . \Z{A,fi,g,k,J,iy,F,Ut)\ = \Z{A,ii,g,k,J,u,F,U'g)\ 

Next, we study the behavior of Z{A,iJ,,g,k,J,u,Ut) as t — > 0. By the Gromov-Uhlenbeck com- 
pactness theorem, and by taking a subsequence if necessary, we may assume that any sequence 
ft e Z{A, jjL, g, k, J, u, Ut) converges to a 

(4.37) f eMi:{tx,g,k,J,u)jxY xK. 
By (4.28), 

(4.38) / G Mj:{n,g, k, J, u)j x Y^"p x K*°p. 

Hence, / G Z{A, ii,g,k, J,v,Uq) by (4.31). On the other hand, by the gluing theorem, for t small, 
there is a bijective map 

(4.39) Tt : Z{A, ii, g, k, J, v, Uo) ^ Z{A, ii, g, k, J, v, Ut) 
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preserving the orientation. Therefore, 

(4.40) \Z{A,ii,g,k,J,iy,Uo)\ = \Z{A, i^, g,k, J,iy,Ut)\. 

Since {G',K') is in general position, we can allow s = in the (4.36). Therefore, 

(4.41) \ZiA,g,k,J,u,Uo)\ = \Z{A,fi,g,k,J,u,U(,)\. 
Thus, we finish the proof of Proposition 2.9. 

Proof of Theorem 2.10. Let's consider the first case where we have the embedding 

by identifying the ki + 1-th marked point of the first component with the 1-st marked point of the 
second component. Suppose that the marked points in the first component are {xi, • ■ ■ , Xjfcj, yi} 
and the marked points in the second component are {2/2, a^fei+i, • ■ ■ , x^^^k^}. The map 63 identifies 
yi with 7/2 and gives rise to a stable curve of genus gi + g2 with marked points {xi, • • • x^^^k^}. By 
(2.17), for their finite covers. 

Let [Ki] € i?*(A^p. Q) represented by the pseudo-submanifold K^. By Proposition 2.9, 

doesn't depend on the particular representative of [^5(^1 x K2)]. In particular, it could have a 
representative, which is in general position. This is very important in the later applications. Here, 
we choose a representative Os{Ki x K2). Let 

(4.42) M'^ = es{Ml^k,+i X A^s2,fc2+i) 
Then, 

(4.43) Z{A,^i,g,k,J,i^,F,es{K, x K^)) = Z(A ^^(A^^^fci+i x >f^,,fc,+i), J, i/, F, ^^(i^i x K2)). 
Recall (4.23) that 

(4.44) Z{A,M^, J, ly, F, Os^K^ x K2)) 

= (Ts X X F X es{K^ X i^2))"'(A) C M^{ix,g,k,J,v)j x Y^^^ x es{K^ x K2t^ . 



47 



But any element of Ms{fi,g, k, J, u)j is a pair 

(4.45) (/i, /2) G M'XS^^,gl, ki + 1, J, x M>X,{f^,g2, ^2 + 1, J, z^)/; = /2(y2) 

with Ai + A2 = A. Let e^^^ be the evaluation map of yi's and e^^^ the evaluation map of y2's. 
Then, 

(4.46) Mj:iii,g,k,J,u)j= [j {e^l x e^^^rH^), 

Ai+A2=A 

where S is the ordinary diagonal inVxV. Using this decomposition and switching the order of 
the components appropriately, we have 



(4.47) U T^, X Ta, X Efl,^ x Ef^,^ x K, x x F x e^l x e^/, 

which maps the space 



31, «l 9l,i 
A-L+A2=A 



U MAM9i,ki + l,J,u)i X MA2{fi,g2,k2 + l,J,iy)i x x K^"^ x Y'°^ 

Ai_+A2=A 

into 

We will denote this map by Ts x x F x 05(^1 x K2). Let 

(4.48) l^A,,A2 C (A^^,,, X M'^^j X x F^^) x {M'^^^j x M'^^j x F^i+^^) 

be the diagonal. Define 

^^^g^ Z{Ai,A2,gi,g2,ki,k2,6,J,iy) 

= {Ta, X X H^^;,,^ X Efl,^ xK,xK2xFx e^/ x e^,^)-nA^„^, x S). 

Then, 

(4.50) Z(AAis,'/,i^,^^,^s(i^ixi^2))= U ZiAuA2,gi,g2,ki,k2,S,J,u) 

Ai+A2=A 

= U (T^, X T^, X Efl,^ X Efl,^ xK,xK2xFx e^^Vi x et-^^,)-\l^M,A2 x <5). 
Ai+A2=A 

A corbordism argument as that of Lemma 4.6 shows that |Z(^i, ^2,51, 52, ^1, ^2, z^)| only de- 
pends on the homology class of [S\ G H^{V x V,Z). Choose a homogeneous basis {Pb}i<b<L of 
i/*(y,Z) modulo torsion. Let {rjab) be its intersection matrix. Note that rjab = Pa-Pb = if the 
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dimension of (3a and (3b are not complementary to each other. Let (ry"^) be the inverse of {rjab)- 
Then, 

(4.51) [S]=J2<l^-®l^b- 

a,b 

Choose a pseudo-submanifold representing Pa (still denoted it by (3a)- Then, one observes that 

(4.52) \Z{Ai,A2,gi,g2,ki,k2, 6, J, z/) | 

= J2r'\Z{Ai,fi,gi,h,(3a,J,u, H Yi,Ki)\\ZiA2,fi,g2,k2,P2,J,'^, H ^J'^2)|. 

a,b i<ki j>ki 

Together with (4.50), it yields the first formula of Theorem 2.10 
^Wk,,)i^s.[K,xK2];{a,}) 

A=A\+A2 a,b 

The second formula can be derived in the similar fashion. Here, we have an embedding 

(4.54) II : ATg_i,fc+2 ^ Mg^k 

by gluing last two marked points x^+i, a;jfc+2- By (2.18), /x induces a map on the corresponding 
finite covers 

We choose a representative (i{K). Let 

(4.55) = fi(M;;k+2)- 
Notes that 

Mj:{fi,g,k,I,J,i^) = (cfc+i X ek+2y^{S). 

It implies that 

(4.56) Z{A,fi,g,k,J,u,F,fiiK)) = Z{A,M'^,J,u,F,iiiK)) 

= Z{A,m^,g-l,k + 2,5,J,i^,F,K). 

By (4.52), 

(4.57) \Z{A, M, g, k, J, u, F, /x(i^))| = ^ r?"^|Z(A, m^,g-l,k + 2, J,u,Yx(3aX (3^, K)\. 

a,b 

It yields the second formula 



(4-58) *r^,s,fe,M)(/^*[^o]; ai, ...,ak) = Y^ -^Ug-i,k+2,mJ[Ko];ai, ■ ■ ■ , a^, (3a, (3bX 



a,b 

We finish the proof of Theorem 2.10. 
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5 Stabilizing Conjecture 



One of the initial motivations for studying the GW-invariants is to use it to distinguish nondefor- 
mation equivalent symplectic manifolds. For example, the first author had successfully calculated 
the genus-0 GW- invariant in |R1| to produce a large number of diffeomorphic, non-symplectic- 
deformation equivalent symplectic manifolds, whose existence were unknown in symplectic topol- 



ogy before. During the course of work in |R1|, the first author observed a correspondence between 
the differentiable category of symplectic 4-manifolds X and the symplectic deformation category 
of its stabilized manifold X x P^. It can be summarized as the following stabilizing conjecture: 



Stabilizing Conjecture pil[ |: Suppose that X,Y are two simply connected homeomorphic sym- 
plectic 4^-manifolds. X,Y are diffeomorphic iff the stabilized manifolds X x P^,y x with the 
product symplectic structures are deformation equivalent. 

It has been demonstrated by the Donaldson theory that the differentiable structure of smooth 
4-manifolds is a delicate problem. However, by the results of Freedman, the two simply connected 
4-manifolds X,Y are homeomorphic if and only if X x P^,y x are diffeomorphic. Therefore, 
the delicate problem about the differentiable structures of smooth 4-manifolds will disappear after 
the stabilizing process. On the other hand, the stabilizing conjecture can be viewed as an analogy 
of Freedman's theorem between the smooth and the symplectic category. The first pair of examples 
supporting the conjecture were constructed in |R1|, where X is the blow-up of P^ at 8-points and 
y is a Barlow surface. Furthermore, the first author also verified the conjecture for the cases: (1). 
X is rational, Y is irrational; (2). X,Y are irrational but have different number of (—1) curves. 
Since then, a lot of more evidences supporting the stabilizing Conjecture have been discovered. 
Note that the first Chern class is an obvious symplectic deformation invariant. The stabilizing 
conjecture implies that the first Chern class of a simply connected symplectic 4-manifold is a 



differentiable invariant, which was only proved recently by Taubes |T1|. Recently, the first author 
was informed by Donaldson that his results on the existence of symplectic submanifolds imply 
that if X X P^,y X P^ are symplectic deformation equivalent, then some branched covers of X,Y 
are diffeomorphic. In this section, we will compute some higher genus GW-invariants to prove the 
stabilizing conjecture for the case of simply connected elliptic surfaces E'p g. The examples Ep ^ x P^ 
were suggested to the first author by Donaldson. 

Let's recall the construction of Ep ^. Let E^ be the blow-up of P^ at generic 9 points, and 
let be the fiber connected sum of n copies of E'^. Then Ep^^ can be obtained from E"' by 
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logarithmic transformations alone two smooth fibers with multiplicity p and q. Note that is 
simply connected if and only if p, q are coprime. Moreover, the Euler number xil^p,q) = 12n, and 
hence n is a topological number. 

Theorem 5.1. Ep^^ x P-*^, E^, ^, x with product symplectic structures are symplectic deformation 
equivalent if and only if (p, q) = (p' , q'). 



Combining with known results about the smooth classification of E^^^ by [Ba], [FM], |M0| 



[ MM I, we can prove 



Corollary 5.2. The stabilizing conjecture holds for E^^^. 

Let Fp, Fq be two multiple fibers and F be a general fiber. Let Ap = [Fp],Aq = [Fq]. It is known 
that Ap = ^,Aq = The primitive class A = [F]/pq. Another piece of topological information 
is that the canonical class K is Poincare dual to 

(5.1) (n - 2)F +{p- l)Fp +iq- l)Fq = ((n - 2)pq + {p - l)p + {q - l)q)A. 

Then, the Theorem 5.2 follows from the following calculation 
Proposition 5.3. 



(5-2) *(.:Ai,i)(-^i-i'") = i 



2q{A ■ a); m = q{mA = Ap), 
2p{A - a); m = p{mA = Aq), 
0; m ^ p,q and m < pq, 



where a is a 4- dimensional homology class. In particular, 



Proof: By the deformation theory of elliptic surfaces, we can choose a complex structure Jq on 
Ep q such that all singular fibers are nodal elliptic curves. Furthermore, we can assume that the 
complex structures of multiple fibers are generic, i.e., whose j-invariants are not or 1728. We 
shall choose v = Therefore, there is no need to consider finite covers. We shall drop /.i from the 
notation. Let jo be the standard complex structure on P^. 

Let's describe MmAi)'-, 1, Jq x JOjO) for m < pq. For any / G ^AmA{^, 1, Jo x JOiO), the image 
im{f ) is a connected effective holomorphic curve. Namely, im{f) = J2i o-iCi where aj > and Q 
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are irreducible components. Note that 

(5.3) mA = Y,ai[Ci]. 

i 

For the product complex structure Jq x jq, Ci = {Cl,Cf) where (7| C Ep^^^Cf C P^. Cf can 
be realized as a holomorphic map from either an elliptic curve or a rational curve to P^. Hence, 
[Cj?] = Pi[P^] for Pi > 0. By (5.3), Pi = and Cf = {x} for some a; G P^. Since ^m(/) is connected. 
We can write 

(5.4) im{f) = i^aiCl) X {x}, 

where o-iCf is a connected effective curve. By our assumption on singular fibers, each Cf is either 
a multi-section or a fiber. A multi-section has positive intersection with a general fiber. A fiber 
has zero intersection with general fiber. Since mA ■ [F] = 0, this implies that each is a fiber, 
i.e., a general fiber, a singular fiber or a multiple fiber. Since m < pq and a singular fiber has the 
same homology class of a general fiber, can only be a multiple fiber. Since im{f) is connected, 
therefore, im{f) is either Fp x {x} or Fq x {x}. In particular, 

(5.5) MmAi^, 1, >^0) 0) = ^ ioT m p, q and m < pq. 
Obviously, (Jo,0) is mA-good for such m's. Hence 

(5.6) *(mA,i,i) (-^1.1 ■,a) = ior mj^p,q and m < pq. 
Fix a marked point yo, 

Ma,{1, 1, Jo X jo, 0) = {f:Fp^ X Pi I im{f) = Fp x {x}}/Z2 

(5.7) = Aut{Fp)/Z2 x¥^ =FpX P\ 

because a general element of A^i^i has automorphism group Z2. Recall the definition of ^p-goodness 
(Definition 2.18). Since 

(5.8) ^4^(1,1,70 xio)=MA^(l,l,Jo xio,0). 

Definition 2.18, (2) is automatically satisfied. Unfortunately, Definition 2.18, (1) is not satisfied. 
This can also be viewed from the fact that the virtual dimension 

2ci{V){mA) + (3 - n)(5 - 1) + 2 = 2, 
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but we have a moduli space of real dimension 4. For each / € M.Ap{^i 1> <^o x jo,^), the normal 
bundle 

(5.9) NfiE^^g X Pi) = Nf^{E;J T.pi, 

where im(f) = Fp x {x}. It is known that Np^{Ep^ is a torsion element of order p. Hence, 

(5.10) H\Nf)=T^V\ 
Furthermore, since / is an embedding, we have a short exact exact sequence 

(5.11) ^ TFp ^ TjE^q X ^ iVj ^ 0. 
It induces a long exact sequence of cohomologies 

(5.12) H\Fp) ^ H\TjEl^ x P^) ^ H\Nf) ^ 0. 
Hence, the obstruction space (3.11), (3.17) 

(5.13) Coker{Df ® J ■ df) = H\Nf) = T^P^. 
The obstruction bundle 

(5.14) COK = 7r^TP^, 

i.e., the pull-back of tangent bundle of P^. 

Now we need to use following result which is an analogue of Proposition 5.7 in [ |R2| ] for genus 
zero invariants. The proofs are identical. We shall adapt the notation of Lemma 4.6. 

Proposition 5.4. Suppose that (JqjI'o) is not A-good, hut satisfies the following hypotheses: 

(5.15) (1). x F n Ta X H^fc(A74(5, k, Jq, i/q) - Ma[9, k, Jq, uq)) = 

and hence Z{A,g,k,J,i',F,K) (cf. (4.13)) is compact. 

(2). dim C oker (D f (B J ■ df) is constant for all f Z{A,g,k, J, UjFjK) and Z{A, g,k, JjV, F, K) 
is a smooth manifold with the dimension dimCoker{D f (B J ■ df) . For any generic (J, u) sufficiently 
close to (Jo, I'o), Z{A, g, k, J, v, F, K) is oriented cohordant to the zero set of a transverse section of 
the obstruction bundle COK. Hence it is dual to the Euler class of the obstruction bundle COK . 
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Now we continue the the proof of Proposition 5.3. Note that H4{E^gXP^) = 0-^2 (P^)- 

Without the loss of generahty, suppose that a = [P^]. Choose a smooth surface Y C Ep ^ such 
that Y represents /3 and intersects Fp transversely. Then, 

(5.16) Z{A,l,l,Jo,0,Y,Mi,i)= U {y}xP\ 
Then, by Proposition 5.4, 

(5.17) ^^X:,i,i) iMi,i,a) = {Ap . a)e(rpi) = 2q{Ao ■ a). 
The same proof yields that 

(5.18) ^^i:iJ)\Mi,i,a) = 2p{Ao ■ a). 
We finish the proof of Proposition 5.3. 

Proof of Theorem 5.1: First of all, if {p,q) = ip',q'), Ep_q,Ep,^, were known to be complex 
deformation equivalent as Kahler surfaces regardless where we perform the logarithmic transform. It 
follows that Ep^g X P^ and £y x P^ with product symplectic structures are deformation equivalent. 

Conversely, suppose that Ep g,Ep,g, are symplectic deformation equivalent. Then, there is a 
diffeomorphism 

(5.19) F : Elg X P^ ^ E;,^^, x P^ 
such that 

(5-20) ^^^^^^,,^{Ml,l,F.{a)) = ^(Xti) iMi,ua), 

and 

(5.21) F*Ci{E;,^g, X Pi) = CiiE^^g X P^); (£;;,, ^, x F') = p^{E;^g x P^). 
Let Co G i?^(P^, Z) be the positive generator. First, we claim 

(5.22) F*{eo) = cq. 

Suppose that F*(eo) = neo + /3 for /3 G H'^{Ep ,j, Z). Note that the first Pontrjagan class pi{E^q x 
Pi) = piiE^^^) + and p^iE^,^^, x P^) = pxiE^,^) ^ 0. Let 7(^^,,) e H\E-g,Z) be such that 
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7(-Ep_g)[-Ep^g] = 1. Define 7(-E^/ ^z) in the same way. Then pi{Ep^^ is a nonzero multiple of ^{E^^^ 
and PiiE^,^q,) is a non-zero multiple of jiEJ^,^^,). Thus, F*j{E^, g,) = jiE^^g). Then, 

^5 23) ^ = U eo)[^;,,,. X Pi] = F*(7(£;;,^^,) U eo)[£;^",, x P^] 

= 7TOu(«eo + /3)[£;^",,xPi]=n. 

Hence n = 1. Furthermore, F*{el) = 0. Then (eo + = 2eo/3 + = 0. Therefore, 2eo/3 = and 
= 0, consequently, /? = 0. 

(5.24) c,{E;^g X Pi) = ci(£;^,,) + 2eo. 
By (5.21), (5.22), 

(5.25) F*{c^{E;,^g,)) = c,iE-g). 

However, F sends primitive classes to primitive classes, so F*{A*) = A*, where A* is the Poincare 
dual of A. Hence, F^{A) = A and 

(5.26) = (Mi,i,F4a)). 

Suppose that q < p and q' < p' . Then, ^p(= gA) and Aq(= pA^) are the first and the second class 
of {nA} such that * is nonzero and so are A^i and Aqi . Hence 

(5.27) F,(^p) = A^,,F^{Aq) = Ag,. 
This implies that 

p = p',Q = q'- 

We finish the proof of Theorem 5.1. 

Even though E^g x are diS^eomorphic to each other, they may have different first Chern 
classes. This problem can be resolved by blowing up E^ g at one point. Namely, if E^ g^P'^ is a 
blow-up of Ep g at one point, E^ g^P^ are diffeomorphic to each other and have the same first Chern 
class up to a diffeomorphism. By a theorem of Wall, they have the same almost complex structure 
up to a homotopy. Furthermore, we can choose the blow-up loci away from multiple fibers. All the 
calculations in Theorem 5.3 and Theorem 5.1 can be carried through without change. Then, we 
show that 

Proposition 5.5. Let X be the blow-up of a simple connected elliptic surface. Then, the smooth 
6-manifold X x admits infinitely many deformation classes of symplectic structures with the 
same tamed almost complex structure up to a homotopy. 
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6 The Generalized Witten Conjecture 

In this section, we formulate a conjecture on the structure of our invariants. This conjecture 
was originated by Witten in [W2], but he used path integrals, which are not well accepted by 
mathematicians. Our only contribution here is put his arguments on a rigorous mathematical 
footing. During the course of discussions, we also use the results obtained in this paper to derive 
several other equations of the generating function rigorously. Those equations were known to 
physicists [W2|, [Ho] in the physical context. Most arguments in this section are due to Witten. 



As before, we denote by Ug^k the universal curve over A4g,k- Then each marked point Xi gives 
rise to a section, still denoted by Xi, of the fibration l^g^k ^ ^g,k- If ^u\M denotes the cotangent 
bundle to fibers of this fibration, we put = xl{K,ii\j^). Following Witten, we put 

(6.1) (rdi,aiTrf2,„2---rrf,,„,)g(g) = ^ *J^^^ ;.)([i^rf,,.,rfj; {aj) 

A&H2{V,Z) 

where ai S H^{V, Q) and [Kii^^...^d^] is the Poincare dual of ci{C(i-^Y^ U • • • U ci(£(fc))'^'= and q is an 
element of Novikov ring. Symbolically, Td^a^ denote "quantum field theory operators". For simplic- 
ity, we only consider homology classes of even degree. Choose a basis {/3a}i<a<7V of -ff*,even(^5 Z) 
modulo torsions. We introduce formal variables f", where r = 0, 1, 2, • • • and 1 < a < A^. Witten's 
generating function (cf. [W2]) is now simply defined to be 



(6.2) F^(i-g) = (e^."*^-'''")(g) = En^f^ (IK;.:) (?) 

rir^a r,a \ r,a / 

where rir^a are arbitrary collections of nonnegative integers, almost all zero, labeled by r, a. The 
summation in (6.2) is over all values of the genus g and all homotopy classes A of (J, i^)-maps. 
Sometimes, we write to be the part of involving only GW-invariants of genus g. It is clear 
that F^ is a generalization of the prepotential = Fq of genus invariants (cf. [ |RT[ , section 
9). Indeed this generalized function contains more information on the underlying manifold, for 



instance, using Taubes' theorem |T2], one observes (cf. [T]) that for a minimal algebraic surface V 
of general type, 

(6.3) F^{t^;q) = F^(t^; 0) + g^^e"»'0 + • • • , 

while depends only the intersection form of V. 

One of Witten's goals is to find out the equations which F^ satisfies. The case that F is a 
point corresponds to the topological gravity, where F^ is governed by a complete set of solution- 
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the KdV hierarchy, conjectured by Witten ([W2]) and clarified by Kontsevich ([Ko]). In general, it 
is not clear what is (or there exists at all) the complete set of equations which satisfies, though 
there are partial results for V = CP^ (see |EY| ). However, in [W2], Witten made a conjecture on 



F^, which we will describe in this section. 

First of all, we have obtained several important recursion formulas in section 2 about ^. In 
general, we can always rewrite a recursion formula as a differential equation of the generating 
function. Assume that /3i = [V]. Following Witten's arguments in [W2], one can deduce from 
(2.15) that F^ satisfies the generalized string equation: 

dF^ a b a dF^ 

(6.4) ^=2^-^S^UEE^m^ 

For the reader's convenience, we reproduce the arguments here. 

Lemma 6.1. Suppose that iV^u)) is a semi-positive symplectic manifold. Then, the generating 
function F^ satisfies the generalized string equation 

dF^ 1 dF^' 



Proof: By (2.15) 



dtl ' toa '^' dtf 



(6.5) ^(A,9,fc+i)([^do,<ii,-A]; • • • , afc) = '^lA^gj,){['iT{Kdo,d^,-,dJ];ai, ■ ■ ■,ak), 

where for convenience, we choose to forget the first marked point instead of the last marked point 
as in Proposition 2.15. We choose do = 0, i.e., ci(>C(i))'^° = 1. Next, let us find [Tr{kdo4j^,---,d^.)] for 
{g,k) / (0,2), (1,0). 

Let's use C'^-^ to denote the corresponding line bundle over Aig,k- Then, it is natural to compare 
with Tr*C'^jy It was known in algebraic geometry that 

(6.6) /:(,) = 7r*£'(^.)+I)„ 

where Di is the divisor consisting of the stable curves where xq, Xi are in a rational component with 
only three special points. Hence, 

m— 1 

(6.7) ci (£(,))- = ci(7r*4.))- + D, ^ ci(/:(,))Vi(7r*£'(^.))— ^ 

i=l 

Furthermore, 

(6.8) ci (£(,)) n [Dj] = 0; [A] n \Dj\ = for i / j. 
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Therefore, 

(6.9) ci = ci(7r*£'(^.))- + DM^*^[j)r-' 

and 

(glO) ci(£(i))'^iU...Uci(£(,,))<^'= 

= {7r*£[,/^ U • ■ ■ U (7r*£'(,/'= + E,ti([^i] n UF=i ci(7r*/:(,))*-^*0- 
Note that [7r{Dj)] = [Mg^k]- Then, 

(6-11) *(A,g,fc)(k(-f'^do,di,-A)]; "1' ■ ■ ■ ' "fe) 

fc 

= *(A,g,fe)([^di,-,<iJ; ai, • • • , afe) + X] *(A,g,fe)([^di,-,<i^-l,-A]; "1' ■ ■ ■ ' "fc)- 

i=i 

For the dimension reason, the first term is zero. Therefore, if {g, k) ^ (0, 2), (1, 0), we have 

k k k 

(6-12) < ro,i n ^di,ai >= E < n ^d,-Ki,o.i >' 

i=l j=l 1=1 

where we simply define Tr^a = for r < 0. 

There are two exceptional cases for the previous arguments, namely, = 0, = 2 and 
1,A; = 0. In those special cases, forgetting one marked point will result in a unstable curve, 
the special case g = Q,k = 2, since A^o,3 = pt-, the only non-zero term is 

*rOA3)([^0,3];m,/3a,/?6). 

Moreover, one can show that 

(6.13) *r0,0,3)([>^0,3]; m,/3a,/36) = Vafi- 

In the case that 5 = 1, A; = 0, for the dimension reason, we have that 

(6-14) *rAi,i)([^i,i];[^]) = o- 

Therefore, we have an equation 

k k k 

(6-15) < ro,l n 'Td^,ai >= E < n '^di-5i,i,ai > +Sk,2^di,0^d2,0Vaua2, 

1=1 j=l i=l 

The corresponding equation for the generating function is the generalized string equation 

dF^ _i „ ft ^ dF^ 

^ - 2 ^abMo + 2-. 2^ *m ^ 

U 1=0 a t 
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We can choose do = 1 and obtain another equation for . 
Lemma 6.2. Fg satisfies dilation equation 

■I i=l a i 

where x^Y) Euler characteristic ofV. 

Proof: We choose do = 1. Repeating the analysis we just have, we get 

k k 

(6.17) ci(£(o)) U = ci(/:(o)) U 
On the another hand, one has a natural identification 

(6.18) a : Mg,k+i = Ug,k- 
Furthermore, 

(6.19) £(o)=«*(^^/|Ai)^^UO(^i)- 

Note that 7r[/Cz^|x)] = 2g — 2. Therefore, modulo the exceptional case we have 

k k 

(6-20) < ri,i n rd,,a, >g= (2^ - 2 - n) < [] rd„a, >g ■ 

i=l i=l 

Since 7Wo,3 = pt and ci(£(o)) is a nontrivial class, the contribution from the exceptional case 
5 = 0, A; = 2 is zero. The exceptional case ^ = 1, A; = corresponds to 

(6.21) *(^,i,i)([Ki];[F]). 
For the dimension reason, A has to be zero. Moreover, 

(6.22) dimTWi,! = 1; [Ki] = ^{pt}. 

Now we fix a generic element (Si, x) G A^i,i and let Jo be the any almost complex structure. Then 

(6.23) K X F n To X = {/ : (E, x) ^ V\Im{f) = pt] = V. 

Furthermore, Coker{Df © J ■ df) can be canonically identified with Tj^j^^f^V. Therefore, {Jo,0) 
satisfies the requirement of Proposition 5.4. Hence, by Proposition 5.4, 

(6.24) *(o,i,i)(M, [V]) = eiTV) = xiV). 
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Therefore, the contribution from the exceptional case is 
(6.25) ^x{V) 



and 

k k 

r tj „. >„ -I- 

24 



(6.26) < ri,i n rd,,a. >g= {2g-2-k)<l[ r^,,,^ ><, +l^x{V)6g,idk,o- 

i=l i=l 



In terms of the generating function, this is equivalent to the following differential equation 
(6.27) ^J1^^2,-..tpt§,)F,.^S,,. 



which coincides with the formula derived by Hori |Hc] using a different definition. 

In the dilation equation, we have a unpleasant term 2(7 — 2 to prevent us to write it as equation 
of . As pointed out by Witten, there is a dimension constraint 

(6.28) ci{V){A) + {3-n)ig-l)+k = ^(d^ + cod{f3a.)), 

i 

can be rewritten as an equation 

(6.29) - 1 + 9'^)^"7^ - ci(^) - (3 - ^)i9 - mg = 0, 

i a 

where 2qa = cod{(3a)- Combining the above equations, one can deduce 

Corollary 6.3. When c\ = 0, satisfies dilation equation 

^ ^ dt] ^'ia;^ ;^ q t ^4 

1 1=1 a I 



Similarly, we can also use (2.15) to derive the equations (for do = 0, 1) of the generating function. 
Following Witten, one can introduce 

We will regard f/^^-* to be of degree /. By a differential function of degree k we mean a function 
G{U, U' , U" , • • •) of degree in that sense. In particular, any function of the form G{U) is of degree 
zero, and (t/')^ has degree two. 

Witten Conjecture. For every g > 0, there are differential functions Gm,a,n,b{Ua,U^, ■ ■ ■) of 
degree 2g such that 

d'^F 

(6.31) I =Gm,a,n,b{Ua,K,---) 

C'tm,aOtYi h 
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up to and including terms of genus g. 

It was pointed out by Witten (cf. [W2]) that the composition law imphes 
(6 32) - V 



dtdi,aidtd2,a2dtd3,a3 dtdi-l,ai9to,a dto^bdtd2,a2 9td3,a3 

and consequently, the conjecture for 5 = 0. 

Recall that in the genus case, WDW equation is a direct consequence of the composition law. 
In the higher genus case, it is unclear if the composition law is helpful at all to derive the equation 
and solve Witten's conjecture. Here, we state a closely related conjecture. 

Conjecture 6.4. {Td^,aiTd2,a2 " ' " Tdk,ak)g be reduced to enumerative invariants ^ fc)(-'^fl>'^' ' ' ' 

Proposition 6.5. Conjecture 6.4 holds for g <1 

A special case that g = 1 and V = CP^ was checked in [W2]. 

Proof: First we assume that any ci(>C(j)) is Poincare dual to a divisor in A1g,fc\-^g,fc for g < I- 
Then any cycle [i^^^,... ^^^J can be represented by a cycle in the boundary Mg^k\-^g,k so long as 
di + ■ • • + dk > 0. It follows from the composition law that {Tdj,aiTd2,a2 ' " " Tdk,ak)g can be computed 
in terms of {Tdi,aiTd2,a2 " ' 'Tdi,ai)g' with either I < k 01 g' < g. Then the proposition follows from 
a standard induction. 

Next we check our assumption stated at the beginning. Given any two points xi,X2 in 5^, one 
can construct a canonical meromorphic section 

{xi — X2)dz 

This section has simple poles at xi,X2- Moreover, for any a G SL{2,C), cr*So.(si),(7(a;2) ~ ^xi,x2- 
The moduh space Mo,k {k > 3) is the quotient of {S'^)'^\Ak by SL{2,C), where SL{2,C) acts 
on (5^)*^ diagonally, and A denotes the set of {xi, ■ ■ ■ ,Xk) with Xi = xj for some i,j. Notice that 
the universal family Uo^k is biholomorphic to S*^ x A4o,fc. Then by the invariancc of Sxi,x2 under 
SL(2,C), one can define a section section s of the relative cotangent bundle over Z^o,fc) such that 
s{z; xi, • • • , Xk) = Sxi,x2{z)- For any i > 3, this s restricts to an nonvanishing section Si of over 
Aio^k, i-e., Si{xi, ■ ■ ■ ,Xk) = s{xi). Clearly, each Sj extends to be a meromorphic section on Aio^k- 
Therefore, ci(>C(j)) must be Poincare dual to a divisor in Mo,k\Mo,k for i > 3. Similarly, one can 
also show this for z < 3. 

Now let 3 = 1. Note that each torus T is a branched covering of 5^ of degree. There are four 
branched points, say Xi, X2, 3, X4. Conversely, given any xi, X2, 3, ^4, one can construct a branched 
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covering T with those as branched points. The resulting torus T is uniquely determined by the 
orbit of (xi, ■■■ ,Xi) in (S^)^ by 5^(2, C). Let tt : T i-^^ 5^ be the branched covering map. Then 
T^*{sx'i_,x2Sxz,xA) defines a nonvanishing section st of over T. Using the invariance of st under 
SL{2, C), we can easily construct a nonvanishing section of the relative canonical bundle over Ui^i, 
which can be extended meromorphically to Ui^i. It follows that any ci(£(j)) is Poincare dual to a 
divisor in A1i,jt\A^i,jt for any A; > 1. 
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